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MASS GAP IN WEAKLY COUPLED ABELIAN HIGGS ON A UNIT
LATTICE
ABHISHEK GOSWAMI
Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260, USA
Abstract. The proof of Higgs mechanism in a weakly coupled lattice gauge theory in
d > 2 is revisited. A new power series cluster expansion is applied and the mass gap is
shown to exist for the observable Fµν .
1. Introduction
We study Higgs field weakly coupled to an Abelian gauge field on a Euclidean unit lattice
and establish mass gap. In Standard Model, the presence of Higgs field is responsible for
the mass generation of W± and Z gauge bosons as well as fermions. This principle is
known as Higgs mechanism. The recent discovery of a Higgs like particle at LHC thus,
confirms this essential feature of the Standard Model. We demonstrate Higgs mechanism
via exponential decay of correlations between physical observable Fµν (electromagnetic
field strength). This decay implies that the gauge boson in the theory has acquired mass
and the theory is said to have a mass gap.
Mass generation is a long distance problem and thus, we want to study it without worrying
about the ultraviolet (short distance) problem. We develop on the work of Balaban, Imbrie,
Jaffe and Brydges [1]. We apply a new power series cluster expansion developed by Balaban,
Feldman, Kno¨rrer and Trubowitz [2]. This is different from the decoupling expansion of
[1].
Our results fit nicely in the program began by Balaban, Imbrie and Jaffe [3],[4] to develop
a complete analysis of the ultraviolet problem. They employ a block averaging renormal-
ization group technique which eventually takes us from an ε = L−N lattice, where L is a
positive number and N is a positive integer, to a unit lattice, similar to our model.
The strong coupling regime of lattice gauge theory is widely studied. However, the weak
coupling is more relevant at least in d = 3 to understand the continuum limit.
E-mail address: goswami3@buffalo.edu.
Date: November 2, 2018.
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Notation. Let Λ ⊂ Zd with d > 2 be a large finite unit lattice of dimension d. The
Higgs doublet φ(x) = φ1(x) + iφ2(x) is defined on a site x ∈ Λ. A bond b ∈ Λ links
two adjacent sites (x, x + eµ). Λ
∗ denotes the set of all bonds b ∈ Λ. The gauge field
Ab ≡ Aµ(x) is defined on the bond between (x, x + eµ). Aµ(x) is the generator of the
Abelian group U(1) such that U(x+ eµ, x) = e
ie0Aµ(x) is a phase factor a particle acquires
while going from x to x+ eµ. e0 is the gauge coupling and Aµ(x) ∈ [−πe0 , πe0 ] (compact or
C), Aµ(x) ∈ R (non compact or NC). A plaquette p ∈ Λ is a unit square formed by the
bonds (x, x+ eν), (x+ eν , x+ eµ+ eν), (x+ eµ+ eν , x+ eµ)and (x+ eµ, x). Λ
∗∗ denotes the
set of all plaquettes p ∈ Λ.
Action. For our gauge field action we use non compact formalism,
(1.1) SNC(A) =
1
2
∑
p⊂Λ∗∗
(dA)2(p).
(dA)(p) =
∑
b∈∂pAb is the field strength. The action for minimally coupled Higgs field
with classical vacuum energy scaled to zero is given by
(1.2) Sh(φ,A) =
1
2
∑
〈xy〉⊂Λ
|eie0A〈xy〉φ(y)− φ(x)|2 +
∑
x∈Λ
(
λ|φ(x)|4 − 1
4
µ2|φ(x)|2 + E).
The weak coupling regime is (λ, e20) ≪ 1 with e
2
0
λ = O(1). The total action for a non
compact weakly coupled Abelian Higgs theory is
(1.3) S(φ,A) = SNC(A) + Sh(φ,A).
For a theory defined by action S(φ,A), the partition function is given by
(1.4) ZNC =
∫
R
DφDA e−S(φ,A)
where, Dφ = ∏x∈Λ dφ1(x)dφ2(x) and DA = ∏b∈Λ∗ dAb are product Lebesgue measure on
R.
Proposition 1 [1] (Gauge fixing) Let θ : Λ → R be the gauge function and DθΛ =∏
x∈Λ dθx denote product Lebesgue measure on R. Introduce a gauge fixing function G(A)
satisfying
(1.5)
∫
e−G(A+dθ)DθΛ\x0 = 1
with θ(x0) = 0 and dθ = 0 on boundary ∂Λ. Let G(A) be given by
(1.6) G(A) =
∑
x∈Λ
α
2
(δA)2(x) + c
δ is the adjoint of differential operator d with respect to l2 inner product, then c is a finite
constant independent of A.
Proof It is easy to see that c = ln
∫
e−
α
2
||δ(A+dθ)||2DθΛ\x0 satisfies the required condition.
To show that c is finite and independent of A let ∆ = δd. Then ∆ is invertible on
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the orthogonal complement of all constants. Make a change of variable as ω = ∆θ and
rewrite
(1.7) c = ln
∫
e−
α
2
||δA+ω||2Dω + const.
Then the translation ω → ω − δA completes the proof.
Gauge fixing makes the non compact integral in Eq 1.4 converge. Since addition of gauge
fixing term changes
∫ DAe−〈dA,dA〉 to ∫ DAe−〈A,∆A〉, where, due to Dirichlet boundary
condition, ∆ is positive definite, 〈A,∆A〉 > (const)||A||2, which makes the integral con-
verge. With the above gauge fixing function the non compact partition function is defined
as
(1.8) ZNC =
∫
R
DφDA e−S(φ,A)−G(A).
As action S(φ,A) and the Lebesgue measures are gauge invariant we replace e−G(A) in the
partition function by its gauge average over θ. Define the compact gauge average of e−G(A)
as
(1.9) 〈〈e−G(A)〉〉 =
(2π
e0
)−|Λ| ∫ πe0
− π
e0
DθΛ e−G(A+dθ).
Let J be a function defined on plaquettes which we allow to be complex and assume
|J| < 1. Consider the observable e−e0〈dA,J〉, where, 〈dA, J〉 denotes l2 inner product. The
non compact expectation of an observable e−e0〈dA,J〉 is defined as
(1.10) ZNC 〈e−e0〈dA,J〉〉NC =
∫
R
DφDA e−S(φ,A)−e0〈dA,J〉〈〈e−G(A)〉〉.
Compact formalism. Our non compact formalism is equivalent to a compact formalism.
For the compact, we do not use Wilson action which is
(1.11) SC(A) =
1
2
∑
p⊂Λ∗∗
cos [(dA)(p)] + const with |Ab| 6 π
e0
.
Instead we use Villain type which is
(1.12) e−SC(A) =
∑
v:dv=0
e−
1
2
∑
p∈Λ∗∗(dA(p)+v(p))
2
with |Ab| 6 π
e0
,
where v is an integer valued two form, v : Λ∗∗ ∋ p → 2πe0 Z. We explain the connection
between this and non compact formalism shortly in theorem 1. The compact partition
function for an Abelian Higgs theory is defined as
(1.13) ZC =
∑
v:dv=0
∫ π
e0
− π
e0
DA
∫
R
Dφe− 12
∑
p∈Λ∗∗(dA(p)+v(p))
2−Sh(φ,A),
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whereDA =∏b∈Λ∗ dAb is product Lebesgue measure on [−πe0 , πe0 ]. The compact expectation
of an observable e−e0〈dA,J〉 is defined as
(1.14) ZC 〈e−e0〈dA,J〉〉C =
∑
v:dv=0
∫ π
e0
− π
e0
DA
∫
R
Dφ e− 12
∑
p∈Λ∗∗(dA(p)+v(p))
2−Sh(φ,A)−e0〈dA+v,J〉.
Theorem 1 [1] Given an observable e−e0〈dA,J〉 and using the definition of expectation as
above, the compact and non compact formalism are equivalent in following sense
(1.15) ZNC =
(2π
e0
)−|Λ|+1
ZC and 〈e−e0〈dA,J〉〉NC = 〈e−e0〈dA+v,J〉〉C.
Proof First break the integral over R in Eq 1.10 into compact intervals
[
−π
e0
, πe0
]
. Let
n : Λ∗ →
(
2π
e0
)
Z be an integer valued one form. Eq 1.10 becomes
(1.16) ZNC 〈e−e0〈dA,J〉〉NC =
∑
n
∫ π
e0
− π
e0
DA
∫
R
Dφ e−S(φ,A+n)−e0〈d(A+n),J〉〈〈e−G(A+n)〉〉.
Rewrite
(1.17)
∑
n
=
∑
v
∑
n:dn=v
Note that in the Higgs action, eie0(A+n) = eie0A since n =
(
2π
e0
)
Z. Replace the condition
dn = v with equivalent condition dv = 0 and rewrite the non compact expectation as
(1.18)
ZNC 〈e−e0〈dA,J〉〉NC =
∑
v:dv=0
∫ π
e0
− π
e0
DA
∫
R
Dφ e− 12
∑
p |dA+v|2−Sh(φ,A)−e0〈dA+v,J〉
∑
n:dn=v
〈〈e−G(A+n)〉〉
Let s : Λ →
(
2π
e0
)
Z be a zero form with s(x0) = 0. For a fixed v any two values, n and
n˜ satisfying dn = dn˜ = v differ by ds. The construction of such integer valued forms and
a choice of point x0 is discussed in [5]. The gauge function θ also satisfies θ(x0) = 0.
Thus,
(1.19)
∑
dn=v
〈〈e−G(A+n)〉〉 =
∑
s
〈〈e−G(A+n˜+ds)〉〉
=
∑
s
(2π
e0
)−|Λ| ∫ πe0
− π
e0
DθΛ e−G(A+n˜+d(θ+s))
=
(2π
e0
)−|Λ|+1 ∫
R
DθΛ\x0 e−G(A+n˜+dθ)
=
(2π
e0
)−|Λ|+1
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where, a factor of 2πe0 comes from evaluating the integral at x0 and final step is due to the
gauge fixing condition of Eq 1.5.
(1.20)
ZNC 〈e−e0〈dA,J〉〉NC =
(2π
e0
)−|Λ|+1 ∑
v:dv=0
∫ π
e0
− π
e0
DA
∫
R
Dφ e− 12
∑
p |dA+v|2−Sh(φ,A)−e0〈dA+v,J〉.
The gauge field A on the right hand side takes value in the compact interval
[
−π
e0
, πe0
]
. Set-
ting e−e0〈dA,J〉 = 1 gives ZNC =
(
2π
e0
)−|Λ|+1
ZC and hence 〈e−e0〈dA,J〉〉NC = 〈e−e0〈dA+v,J〉〉C.
Classical Higgs Mechanism. To show that the gauge field has acquired mass mA we make
standard change of variables as
(1.21) φ(x) = ρ(x)eiθ(x), A→ A− 1
e0
dθ.
ρ is the length of the Higgs field. Due to the absolute value of Higgs in the action
(Eq 1.2), there is no explicit θ dependence since
∣∣∣eie0(A〈xy〉− 1e0 dθ)eiθ(y)ρ(y)− eiθ(x)ρ(x)∣∣∣ =∣∣eiθ(x)∣∣ ∣∣eie0A〈xy〉ρ(y)− ρ(x)∣∣. We thus take average over θ(x) as ∏x∈Λ ∫ π−π dθ(x) = (2π)|Λ|
and drop this constant. The potential term in new variables is
(1.22) V (ρ) = λρ(x)4 − 1
4
µ2ρ(x)2 +E
with minimum at ρ0 =
µ√
8λ
. Substituting ρ→ ρ0 + ρ the total action is
(1.23)
S(ρ,A) =
1
2
∑
p⊂Λ∗∗
(dA+ v)2(p) +
1
2
m2A
∑
b⊂Λ∗
A2b +
1
2
∑
〈xy〉⊂Λ
(ρ(y)− ρ(x))2 + 1
2
µ2
∑
x∈Λ
ρ2(x)
+ ρ20
∑
〈xy〉⊂Λ
(1− cos e0A〈xy〉 −
1
2
e20A
2
〈xy〉) + ρ0
∑
〈xy〉⊂Λ
(ρ(y) + ρ(x))(1 − cose0A〈xy〉)
+
∑
〈xy〉⊂Λ
ρ(y)ρ(x)(1 − cose0A〈xy〉) +
∑
x∈Λ
(
λρ4(x) +
√
2λµρ3(x)− log
[
1 +
ρ(x)
ρ0
])
.
The gauge field is now massive with mass
(1.24) mA =
µe0√
8λ
.
The term logρ comes from the Jacobian of the change of variables (φ1, φ2) → (ρ, θ). We
have dropped a constant term log(2πρ0)|Λ|. This just changes the normalization.
Mass gap. From the equivalence established in theorem 1 and using the change of vari-
ables as above, the generating functional for a non compact Abelian Higgs theory is given
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by
(1.25) Z[J] =
(2π
e0
)−|Λ|+1 ∑
v:dv=0
∫ π
e0
− π
e0
DA
∫ ∞
−ρ0
Dρ e−S(ρ,A)−e0〈dA+v,J〉.
Let p1 and p2 be two plaquettes. The truncated correlation between dA(p1) and dA(p2) is
given by
(1.26) 〈dA(p1)dA(p2)〉T = ∂
2 log Z[J]
∂Jp1∂Jp2
∣∣∣∣
J=0
where, 〈dA(p1)dA(p2)〉T = 〈dA(p1)dA(p2)〉 − 〈dA(p1)〉〈dA(p2)〉.
Theorem 2 Given an Abelian Higgs theory on a unit lattice with masses µ, mA fixed
and sufficiently large. Let the coupling constants e0 and λ =
µ2e20
8m2A
be sufficiently small
depending on the masses. The correlation of dA(p) defined on two plaquettes p1 and p2
has an exponential decay as
(1.27) |〈dA(p1)dA(p2)〉 − 〈dA(p1)〉〈dA(p2)〉| 6 e−md(p1,p2)
for some positive constant m.
Remark 1. This says that the gauge field Aµ has a mass at least as big as m, i.e. mass
gap. Let Fµν(x) = dA(x, x+ eµ, x+ eµ + eν , x+ eν). Alternatively with Fµν(x)
(1.28) |〈Fµν(x1)Fµν(x2)〉 − 〈Fµν(x1〉〈Fµν(x2)〉| 6 e−md(x1,x2).
Remark 2. Theorem 2 is new but similar to the results of Balaban, Imbrie, Jaffe and Bry-
dges [1] who considered integer charge observables. An observable F (φ,A) is integer charge
observable if for every b ∈ Λ∗, F (φ,A + 2πe0 1b) = F (φ,A), where, 1b is the characteristic
function of the bond b.
Remark 3. Let γ1 and γ2 be two closed curves composed of lattice bonds. A Wilson loop
variable is given by Wγi(A) =
∏
b∈γi e
ie0Ab . Our methods also show that for some m > 0,
the correlation of Wγ1(A) and Wγ2(A) has an exponential decay as
(1.29) |〈Wγ1(A)Wγ2(A))〉 − 〈Wγ1(A)〉〈Wγ1(A)〉| 6 e−md(γ1,γ2).
Remark 4. In physics literature, the expectation value of Higgs field, 〈φ〉 is taken to be
non zero to demonstrate Higgs mechanism. While it is convenient to assume 〈φ〉 6= 0
for computations, whether there exists such states in this simplified model is a difficult
dynamical question mathematically. Our results show there is mass generation, whether
or not 〈φ〉 = 0.
Outline of Proof. In section 2, we develop framework to construct the small field integral.
Section 3 discusses the application of power series cluster expansion [2] to this integral.
In section 4, we discuss the large field estimates. Then in section 5, we combine various
overlapping regions of the lattice into connected components and rewrite the generating
functional as sum over those components. Finally, we establish mass gap in section 6.
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2. The expansion
Λ consists all the sites x, Λ∗ is the set of all the bonds b and Λ∗∗ is the set of all the
plaquettes p. The Higgs field is ρ : Λ → [−ρ0,∞), the gauge field is A : Λ∗ →
[
− πe0 , πe0
]
and the vortex field is v : Λ∗∗ → 2πe0 Z. We represent all the fields on lattice as Φ = {ρ,A} :
Λ→ R. Let
(2.1) T = 〈ρ, (−∆+ µ2)ρ〉+ 〈A, (δd +m2A)A〉
∆ and δd are operators on l2(Λ) and l2(Λ∗) respectively, with
(2.2) 〈ρ,−∆ρ〉 =
∑
〈x,y〉⊂Λ
(ρ(y)− ρ(x))2 and 〈A,−δd A〉 =
∑
p⊂Λ∗∗
(dA)2.
Rewrite the action (1.23) as a sum of Gaussian part and higher order interaction part,
(2.3) S(Φ) =
1
2
〈Φ,TΦ〉+ V (Φ).
Let ξ, ξ′ ∈ Λ ∪ Λ∗. Define the covariance operator C−1 as
(2.4) C(ξ, ξ′) =
{
(−∆+ µ2)−1 ξ, ξ′ ∈ Λ,
(−δd +m2A)−1 ξ, ξ′ ∈ Λ∗.
Thus, T = C−1. The generating functional is
(2.5) Z[J] =
(2π
e0
)−|Λ|+1 ∑
v:dv=0
∫
DΦe− 12 〈Φ,C−1Φ〉−V (Φ)e−e0〈dA+v,J〉.
To construct our localized small field integral, we expand the generating functional into
regions where the field Φ is bounded and regions where it is not. The following four steps
details this expansion.
(1) Let pλ = |logλ|2d+1 and rλ = |logλ|2. Divide the lattice Λ into blocks  of length
[rλ], where [·] denotes the integer part. Define the characteristic function
(2.6) χ(Φ) =
{
1 supξ∈ |Φ(ξ)| < pλ,
0 otherwise
ζ(Φ) = 1− χ(Φ).
Then the decomposition of unity is
(2.7) 1 =
∏

(χ + ζ) =
∑
Λ0⊂Λ
∏
∈Λ0
χ
∏
∈Λc0
ζ =
∑
Λ0⊂Λ
χΛ0ζΛc0 .
Thus, a ∈ Λc0 if there is at least one ξ ∈  with |Φ(ξ)| > pλ. Insert (decomposition
of unity) 1 in the generating functional rewrite
(2.8) Z[J] =
(2π
e0
)−|Λ|+1 ∑
Λ0⊂Λ
∑
v:dv=0
∫
DΦe− 12 〈Φ,C−1Φ〉−V (Φ)e−e0〈dA+v,J〉χΛ0(Φ)ζΛc0(Φ).
Set v = 0 in Λ0.
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(2) Conditioning
Contract Λ0 by [rλ] to get Λ1. Let 1Λ1 and 1Λc1 be characteristic functions restricting
operator to Λ1 and Λ
c
1 respectively. Define TΛ1 = 1Λ1T1Λ1 and TΛ1Λc1 = 1Λ1T1Λc1 .
Then rewrite
(2.9)
1
2
〈Φ,TΦ〉 = 1
2
〈Φ,TΛ1Φ〉+ 〈Φ,TΛ1Λc1Φ〉+
1
2
〈Φ,TΛc1Φ〉.
The term 〈Φ,TΛ1Φ〉 = 〈ΦΛ1 ,TΦΛ1〉 represents the interactions entirely in the small
field region, the term 〈Φ,TΛc1Φ〉 = 〈ΦΛc1 ,TΦΛc1〉 represents the interactions in the
large field region and the term 〈Φ,TΛ1Λc1Φ〉 = 〈ΦΛ1 ,TΦΛc1〉 represents the interac-
tion of the large field region Λc1 over the boundary ∂Λ1. Absorb the source term
e0〈dA+ v, J〉 into the potential V (Φ) and rewrite
(2.10)
Z[J] =
(2π
e0
)−|Λ|+1 ∑
Λ0⊂Λ
∑
v:dv=0
∫
DΦΛc1 e
− 1
2
〈Φ,TΛc
1
Φ〉−V (Λc1,Φ)ζΛc0(Φ)χΛ0−Λ1(Φ)∫
DΦΛ1e−
1
2
〈ΦΛ1 ,TΦΛ1 〉−〈ΦΛ1 ,TΦΛc1 〉−V (Λ1,Φ)χΛ1(Φ).
In the above equation, make the transformation
(2.11) ΦΛ1 → ΦΛ1 − CΛ1TΛ1Λc1ΦΛc1
the generating functional becomes
(2.12)
Z[J] =
(2π
e0
)−|Λ|+1 ∑
Λ0⊂Λ
∑
v:dv=0
∫
DΦΛc1 e
− 1
2
〈Φ,(TΛc1−TΛc1Λ1CΛ1TΛ1Λc1 )Φ〉−V (Λ
c
1,Φ)ζΛc0(Φ)χΛ0−Λ1(Φ)∫
DΦΛ1e−
1
2
〈Φ,TΛ1Φ〉−V (Λ1,ΦΛ1−CΛTΛ1Λc1ΦΛc1 )χΛ1(ΦΛ1 − CΛ1TΛ1Λc1ΦΛc1).
This step is equivalent to conditioning the small field integral on values in the large
field region.
(3) The operator C couples sites everywhere on lattice Λ. Therefore, it is important
to construct a localized operator. Define the kernel of operator C loc as
(2.13) C loc(x, y) =
{
C(x, y) if |x− y| < rλ,
0 otherwise.
We adopt the representation for C
1
2 and C
1
2
,loc as discussed in [6]. Define
(2.14) C
1
2 =
1
π
∫ ∞
0
dr√
r
Cr, C
1
2
,loc =
1
π
∫ ∞
0
dr√
r
C locr
with Cr = (T + r)
−1. Define δC
1
2 (x, y) = (C
1
2 − C 12 ,loc)(x, y) as
(2.15) δC
1
2 (x, y) =
{
0 if |x− y| < rλ,
C
1
2 (x, y) otherwise.
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To work in unit covariance, make the change of variables Φ = C
1
2
,loc
Λ1
Φ′
(2.16) 〈Φ, C−1Λ1 Φ〉 = 〈Φ′, C
1
2
,loc
Λ1
C−1Λ1 C
1
2
,loc
Λ1
Φ′〉 = ||Φ′||2Λ1 + Vε(Λ1,Φ′).
(4) This change of variables introduces non locality in characteristic function as χΛ1(C
1
2
,loc
Λ1
Φ′−
CΛ1TΛ1Λc1ΦΛc1). To construct the localized small field integral we therefore, split
the small field region Λ1 into a new small field region and an intermediate field
region. Let p0,λ = |logλ|a (with 2d < a < 2d+1) and Ω0 ⊂ Λ1. We split the region
Λ1 into a region Ω0 and Λ1/Ω0 by using decomposition of unity as before. Define
(2.17) χˆ(Φ
′) =
{
1 supξ∈ |Φ′(ξ)| < p0,λ,
0 otherwise
ζˆ(Φ
′) = 1− χˆ(Φ′).
Then the decomposition of unity is
(2.18) 1 =
∏
⊂Λ1
(χˆ + ζˆ) =
∑
Ω0⊂Λ1
∏
∈Ω0
χˆ
∏
∈Λ1−Ω0
ζˆ =
∑
Ω0⊂Λ1
χˆΩ0 ζˆΛ1−Ω0 .
Due to unit covariance in Ω0, no conditioning is required along the boundary ∂Ω0.
In potential everything is analytic in field but the characteristic function χΛ1 is a
mess which we have to clean. As a first step, we split the potential term as
(2.19)
V (Λ1, C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1) = V (Ω0, C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)+
V (Λ1 − Ω0, C
1
2
,loc
Λ1
Φ′ −CΛ1TΛ1Λc1ΦΛc1).
and factorize χΛ1 as
(2.20)
χΛ1(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1) = χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)
χΩ0(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1).
In Ω0, |C
1
2
,loc
Λ1
Φ′| 6 c ||Φ′||∞,Ω0 6 c p0,λ (see lemma 2.2) and for ξ ∈ Ω0,∣∣∣∣C 12 ,locΛ1 Φ′(ξ)− CΛ1TΛ1Λc1ΦΛc1
∣∣∣∣ < pλ since the term TΛ1Λc1 forces ΦΛc1 = pλ, this
implies
(2.21) χΩ0(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1) = 1.
The non locality in χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1) prevents us to carry out in-
tegration over the region Ω0. As a second and final step we contract the region Ω0
by 2[rλ] to get a new small field region Ω1, that is, d(Ω
c
0,Ω1) = 2[rλ]. Note that
χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1) and V (Λ1−Ω0, C
1
2
,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1) do not
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depend on Φ′Ω1 since C
1
2
,loc
Λ1
couples the fields only up to a distance of [rλ]. After
the above procedure, the generating functional becomes
(2.22)
Z[J] =
(2π
e0
)−|Λ|+1 ∑
Λ0⊂Λ
∑
Ω0⊂Λ1
∑
v:dv=0
(det C
1
2
,loc
Λ1
)
∫
DΦΛc1e
− 1
2
〈Φ,(TΛc
1
−TΛc
1
Λ1
CΛ1TΛ1Λc1
)Φ〉−V (Λc1,Φ)ζΛc0(Φ)χΛ0−Λ1(Φ)∫
DΦ′Λ1−Ω1e
− 1
2
||Φ′||2Λ1−Ω1−V (Λ1−Ω0,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 )
ζˆΛ1−Ω0(Φ
′) χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)∫
DΦ′Ω1e
− 1
2
||Φ′||2Ω1−V (Ω0,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 )+Vε(Λ1,Φ
′)
χˆΩ1(Φ
′).
The above expression is the required expansion of the generating functional.
Consider the term det C
1
2
,loc
Λ1
. As we will see in lemma 2.4, for someW1(Λ1) =
∑
⊂Λ1 W1()
(2.23) det C
1
2
,loc
Λ1
= (det C
1
2
Λ1
) eW1(Λ1).
As we will see in lemma 2.7, for some W2(Λ) =
∑
⊂ΛW2()
(2.24) det C
1
2
Λ1
= (det C
1
2 ) eW2(Λ)
and we write W2 =W2(Λ
c
0) +W2(Λ0 −Ω0) +W2(Ω0). Consider the source term e0〈dA, J〉
with |J| < 1. Rewrite
(2.25) 〈dA, J〉 =
∑
p
dA(p)J(p) =
∑
p
∑
b∈∂p
A(b)J(b) =
∑
b
A(b)
∑
p:∂p∋b
J(b) = 〈A, δJ〉
and define
(2.26)
V1(Ω0,Φ
′
Λ1 ,ΦΛc1 , J) = −W1(Λ1)−W2(Ω0) + V (Ω0, C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)
+ Vε(Λ1,Φ
′)− 〈C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1 , δJ〉.
Define the normalized Gaussian measure with unit covariance as
(2.27) dµI(Φ
′
Ω1) =
DΦ′Ω1e
− 1
2
||Φ′||2Ω1
Z0(Ω1)
, Z0(Ω1) =
∫
DΦ′Ω1e
− 1
2
||Φ′||2Ω1 .
The localized small field integral is
(2.28) Ξ(Ω1,Φ
′
Λ1−Ω1 ,ΦΛc1 , J) =
∫
dµI(Φ
′
Ω1) e
−V1(Ω0,Φ′Λ1 ,ΦΛc1 ,J)χˆ(Φ′Ω1).
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Rewrite the generating functional
(2.29)
Z[J] =
(2π
e0
)−|Λ|+1
(det C
1
2 )
∑
Λ0⊂Λ
∑
Ω0⊂Λ1
∑
v:dv=0∫
DΦΛc1e
− 1
2
〈Φ,(TΛc1−TΛc1Λ1CΛ1TΛ1Λc1 )Φ〉−V (ΦΛc1 )ζΛc0(Φ)χΛ0−Λ1(Φ)e
W2(Λc0)
∫
DΦ′Λ1−Ω1e
− 1
2
||Φ′||2Λ1−Ω1−V (Λ1−Ω0,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 )ζˆΛ1−Ω0(Φ
′)
χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)eW2(Λ0−Ω0) Z0(Ω1) Ξ(Ω1,Φ′Λ1−Ω1 ,ΦΛc1).
This is our basic expansion of the generating functional including the small field integral.
Now, we prove some lemmas.
Lemma 2.1 (Estimate on covariance.) Let C be the positive, self adjoint operator as
defined in Eq 2.4. Then for some γ > 0, |C(x, y)| 6 ce−γ|x−y|.
Proof Let x and y be two sites. For some vector a define an operator ea(x) by its action
on some function f as ea(x)f = e
axf . Let δx(y) = δxy be the lattice delta function. Let
|a| be small and || · || be the l2 norm. Then
(2.30)
e−a∂µea = ∂µ + aµ
e−a(−∆+ µ2)ea = −∆− 2a · ▽+ |a|2 + µ2
−∆+ µ2 = ea(−∆− 2a · ▽+ |a|2 + µ2)e−a
(−∆+ µ2)−1 = ea(−∆− 2a · ▽+ |a|2 + µ2)−1e−a
|(−∆+ µ2)−1(x, y)| = |eax(−∆− 2a▽+ |a|2 + µ2)−1(x, y)e−ay|
= ea(x−y)|〈δx, (−∆− 2a · ▽+ |a|2 + µ2)−1δy〉|
6 ea(x−y)||δx|| ||δy|| ||(−∆ − 2a · ▽+ |a|2 + µ2)−1||
6 cea(x−y)
setting a = −γ (x−y)|x−y| gives the result. Note that
(2.31)
(−∆+ |a|2 + µ2 − 2a · ▽)−1 = (−∆+ |a|2 + µ2)−1
∞∑
n=0
[(−∆+ |a|2 + µ2)−12a · ▽]n
||(−∆+ |a|2 + µ2 − 2a · ▽)−1|| 6 µ−2
∞∑
n=0
[
2d+1
|a|
µ2
]n
which converges if |a| < µ2
2d+1
. Note that |a| = γ. Similarly, we can prove the estimate for
term (−δd+m2A)−1 as long as |a| is small to keep the expression (−δd+|a|2+m2A−2a·d)−1
positive, where d denotes the exterior derivative.
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Remark 5. Let ξ, ξ′ ∈ Λ ∪ Λ∗. Let K be a positive, self adjoint operator with |K(ξ, ξ′)| 6
e−γd(ξ,ξ′) and f be some function. Then
(2.32)
(Kf)(ξ) =
∑
ξ′
K(ξ, ξ′)f(ξ′)
|(Kf)(ξ)| 6
∑
ξ′
∣∣K(ξ, ξ′)∣∣ ||f ||∞
6
∑
ξ′
e−γd(ξ,ξ
′)||f ||∞ 6 c ||f ||∞.
Note that ||Kf ||∞ 6 supξ |(Kf)(ξ)|. In the following lemmas operator K can be identified
with C,C
1
2 , δC.
Lemma 2.2 For Φ : Λ→ R,
(1) Let δC
1
2 be the operator as defined in Eq 2.15. Then
(2.33) |(δC 12 Φ)(ξ)| 6 c e−γ′rλ ||Φ||∞.
(2) C
1
2 and C
1
2
,loc are invertible and
(2.34) |(C− 12 Φ)(ξ)|, |(C− 12 ,locΦ)(ξ)| 6 c ||Φ||∞.
Proof From definition,
(2.35) δC
1
2 =
1
π
∫ ∞
0
dr√
r
(Cr − C locr ) =
1
π
∫ ∞
0
dr√
r
δCr.
Therefore,
(2.36)
|(δC 12 Φ)(ξ)| 6
∑
ξ′
1
π
∫ ∞
0
dr√
r
|δCr(ξ, ξ′)| ||Φ||∞ 6
∑
ξ′
1
π
∫ ∞
0
dr√
r
|(T + r)−1(ξ, ξ′)| ||Φ||∞.
To estimate the integral, we use the estimate on covariance, (−∆ + µ2 + r)−1(x, y) =
〈δx, (−∆+µ2+r)−1δy〉 6 ce−γ|x−y| and (−δd+m2A+r)−1(b, b′) = 〈δb, (−δd+m2A+r)−1δb′〉 6
ce−γd(b,b′), where d(b, b′) is the infimum of distance between the sites containing bonds b and
b′. Note that (Eq 2.1) T is a differential operator plus a mass term. Let m = min(µ2,m2A),
denote the mass term in T. Since d(ξ, ξ′) > rλ, rewrite
(2.37) |(T + r)−1(ξ, ξ′)| 6 |(T + r)−1(ξ, ξ′)| 14 (m+ r)− 34 6 ce− γ8 rλ e− γ8 d(ξ,ξ′)(m+ r)− 34 .
Thus,
(2.38)
∑
ξ′
1
π
∫ ∞
0
dr√
r
|(T + r)−1(ξ, ξ′)| 6 1
π
ce−
γ
8
rλ
∑
ξ′
e−
γ
8
d(ξ,ξ′)
∫ ∞
0
dr
√
r (m+ r)
3
4
6 c e−γ
′rλ .
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The above inequality is also true for C
1
2
,loc. For the second part, we note that operator C
is invertible with C−1 = T, it follows C−
1
2 = TC
1
2 and thus,
(2.39) |(C− 12 Φ)(ξ)| = |(TC 12 Φ)(ξ)| 6 O(m2)||C 12Φ||∞ 6 c ||Φ||∞.
Writing C
1
2
,loc = C
1
2 − δC 12 , then
(2.40) C−
1
2
,loc = C−
1
2
∞∑
n=0
(δC
1
2C−
1
2 )n,
the result follows easily.
Lemma 2.3 For Φ : Λ→ R, with change of variables, Φ = C
1
2
,loc
Λ1
Φ′, we have
(2.41) 〈Φ, C−1Λ1 Φ〉 = 〈Φ′, C
1
2
,loc
Λ1
C−1Λ1 C
1
2
,loc
Λ1
Φ′〉 = ||Φ′||2Λ1 + Vε(Λ1,Φ′).
Then Vε(Λ1,Φ
′) has a local expansion in 
(2.42) Vε =
∑
⊂Λ1
Vε() with |Vε()| 6 c [rλ]d e−γ′rλ ||Φ′||2∞.
Proof Using the identity 1 =
∑
 1, where,
(2.43) 1(ξ) = 1(x) if ξ = x or if ξ = (x, x+ eµ)
and C
1
2
,loc = C
1
2 − δC 12 , since C 12 is self adjoint, rewrite Vε() as
(2.44)
Vε() = 〈δC
1
2Φ′, 1C−1δC
1
2Φ′〉 − 2〈C− 12Φ′, 1δC
1
2Φ′〉
= 〈C 12Φ′, 1TδC
1
2Φ′〉 − 2〈C− 12Φ′, 1δC
1
2Φ′〉
Then,
(2.45)
|Vε()| 6 |〈δC
1
2Φ′(ξ), 1TδC
1
2Φ′(ξ)〉|+ 2|〈C− 12Φ′(ξ), 1δC
1
2Φ′(ξ)〉|
6 vol.()|δC 12Φ′(ξ)||TδC 12Φ′(ξ)|+ 2vol.()|C− 12Φ′(ξ)||δC 12Φ′(ξ)|
6 [rλ]
d ||δC 12Φ′||∞O(m2)||C
1
2Φ′||∞ + 2[rλ]d ||C−
1
2Φ′||∞||δC
1
2Φ′||∞
6 c [rλ]
d e−γ
′rλ ||Φ′||2∞.
The change of variables carries with it the term det C
1
2
,loc
Λ1
in partition function. In the
region Λ1, using C
1
2
,loc
Λ1
= C
1
2
Λ1
− δC
1
2
Λ1
, rewrite
(2.46)
det C
1
2
,loc
Λ1
= det (C
1
2
Λ1
− δC
1
2
Λ1
)
= det (C
1
2
Λ1
)det (I − C−
1
2
Λ1
δC
1
2
Λ1
)
= det (C
1
2
Λ1
)e
Tr log(I−C−
1
2
Λ1
δC
1
2
Λ1
)
= det (C
1
2
Λ1
)e
−∑∞n=1 1nTr
[
(C
− 12
Λ1
δC
1
2
Λ1
)n
]
.
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Lemma 2.4 Let W1(Λ1) = −
∑∞
n=1
1
nTr
[
(C
− 1
2
Λ1
δC
1
2
Λ1
)n
]
. Then W1 has a local expansion in
,
(2.47) W1 =
∑
⊂Λ1
W1(), with |W1()| 6 c [rλ]de−γ′rλ
Proof. From the definition of W1,
(2.48) W1() = −
∞∑
n=1
1
n
Tr
[
1(C
− 1
2
Λ1
δC
1
2
Λ1
)n
]
= −
∞∑
n=1
1
n
∑
x∈
[
(C
− 1
2
Λ1
δC
1
2
Λ1
)nδx
]
(x).
From the bounds on C−
1
2 and δC
1
2 , we have
(2.49)
∣∣∣∣[(C− 12Λ1 δC 12Λ1)nδx](x)
∣∣∣∣ 6 (ce−γ′rλ)n||δx|| 6 (ce−γ′rλ)n
and so |W1()| 6
∑∞
n=1
1
n
∑
x(ce
−γ′rλ)n = [rλ]d
∑∞
n=1
1
n(ce
−γ′rλ)n and summing over n
gives the result. Next we want to write det(C
1
2
Λ1
) in terms of global term det(C
1
2 ) as
(2.50) det(C
1
2
Λ1
) = det(C
1
2 )eW2
where,
(2.51)
W2 = Tr log (C
1
2
Λ1
)− Tr log (C 12 )
= −1
2
Tr log (TΛ1) +
1
2
Tr log (T).
First we prove a determent identity which is due to Balaban [7].
Lemma 2.5 (Determinant identity) Let K be an invertible positive self adjoint operator.
Then det K = eTr log K where for any R0 > 0
(2.52) log K = K
∫ ∞
R0
dx
x
(K + x)−1 −
∫ R0
0
dx(K + x)−1 + log R0.
Proof We start with resolvent equation for the function log K,
(2.53) log K =
1
2πi
∫
Γ
dz log z (z −K)−1.
Construct Γ as a simple closed curve traversed counterclockwise. Let θ = arg z. Then Γ
consists of
• ΓR = {z ∈ C : |z| = R, −π + ǫ 6 θ 6 π − ǫ}.
• Γ+ = {z ∈ C : r 6 |z| 6 R, θ = π − ǫ}.
• Γr = {z ∈ C : |z| = r, −π + ǫ 6 θ 6 π − ǫ}.
• Γ− = {z ∈ C : r 6 |z| 6 R, θ = −π + ǫ}.
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For R sufficiently large and r sufficiently small, Γ encloses the spectrum of operator K.
The function log z is analytic inside Γ.
Now we cut Γ at r < R0 < R and write it as Γ = Γ< + Γ> where Γ< = Γ ∩ {z : |z| 6 R0}
and Γ> = Γ ∩ {z : |z| > R0}. In the integral over Γ>, we use the following identity in
resolvent equation
(2.54) (z −K)−1 = z−1 + z−1K(z −K)−1.
The integral of the first term is
(2.55) lim
ǫ→0
1
2πi
∫
Γ>
dz
z
log z =
1
2πi
∫
|z|=R
dz
z
log z +
1
2πi
∫ R0
R
dx
x
log x+
1
2πi
∫ R
R0
dx
x
log x
where we have parametrized z = −x. Writing log x = log |x|+ iπ above the real axis and
log x = log |x| − iπ below the real axis and noting that z = Reiθ implies dz/z = i dθ, we
get
(2.56)
lim
ǫ→0
1
2πi
∫
Γ>
dz
z
log z =
1
2πi
∫
|z|=R
dz
z
log z −
∫ R
R0
dx
x
=
1
2πi
∫ π
−π
i dθ (log R+ iθ)− log R+ log R0
=
1
2πi
log R(i2π) − log R+ log R0
= log R0.
Similarly, the integral of the second term is
(2.57)
lim
ǫ→0
1
2πi
∫
Γ>
dz
z
log z K(z−K)−1 = K
2πi
∫
|z|=R
dz
z
log z K(z−K)−1 +K
∫ R
R0
dx
x
(x+K)−1.
Take the limit R → ∞. The first term is O(R−1log R) which converges to zero. For the
second term the integrand is O(x−2) which converges to the integral over [R0,∞). Next
we do the integral over Γ< of the resolvent equation and get
(2.58) lim
ǫ→0
1
2πi
∫
Γ<
dz log z(z−K)−1 = 1
2πi
∫
|z|=r
dz log z(z−K)−1−
∫ R0
r
dx(x+K)−1.
The minus sign is due to fact that in Γ< traversing from r to R0 is above the real axis
whereas in Γ> it is from R to R0 and r < R0 < R. Take the limit r → 0. Since zero is
not an eigenvalue the first term is O(rlog r) and converges to zero. For the second term
the integrand is bounded and it converges to the integral over [0, R0]. This completes the
proof.
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Use lemma 2.5 with R0 = 1 to rewrite,
(2.59)
Tr log T = −
∑
⊂Λ
∫ 1
0
drTr1(T + r)
−11 +
∑
⊂Λ
∫ ∞
1
dr
r
Tr1T(T + r)
−11
= −
∑
⊂Ωc1
∫ 1
0
drTr1(T + r)
−11 +
∑
⊂Ωc1
∫ ∞
1
dr
r
Tr1T(T + r)
−11
−
∑
⊂Ω1
∫ 1
0
drTr1(T + r)
−11 +
∑
⊂Ω1
∫ ∞
1
dr
r
Tr1T(T + r)
−11
(2.60)
Tr log TΛ1 = −
∑
⊂Λ1
∫ 1
0
drTr1(TΛ1 + r)
−11 +
∑
⊂Λ1
∫ ∞
1
dr
r
Tr1TΛ1(TΛ1 + r)
−11
= −
∑
⊂Λ1−Ω1
∫ 1
0
drTr1(TΛ1 + r)
−11 +
∑
⊂Λ1−Ω1
∫ ∞
1
dr
r
Tr1TΛ1(TΛ1 + r)
−11
−
∑
⊂Ω1
∫ 1
0
drTr1(TΛ1 + r)
−11 +
∑
⊂Ω1
∫ ∞
1
dr
r
Tr1TΛ1(TΛ1 + r)
−11.
Consider the difference of Eq 2.59 and 2.60,
(2.61)
Tr log T− Tr log TΛ1 =
∑
⊂Ω1
∫ 1
0
drTr(1(TΛ1 + r)
−1 − (T + r)−11)
−
∑
⊂Ωc1
∫ 1
0
drTr1(T + r)
−11 +
∑
⊂Λ1−Ω1
∫ 1
0
drTr1(TΛ1 + r)
−11
+
∑
⊂Ω1
∫ ∞
1
dr
r
Tr(1T(T + r)
−1 − TΛ1(TΛ1 + r)−11)
+
∑
⊂Ωc1
∫ ∞
1
dr
r
Tr1T(T + r)
−11
−
∑
⊂Λ1−Ω1
∫ ∞
1
dr
r
Tr1TΛ1(TΛ1 + r)
−11.
Lemma 2.6 Let
(2.62)
A() = Tr(1A1) = Tr(1(TΛ1 + r)−1 − (T + r)−11)
B() = Tr(1B 1) = Tr(1T(T + r)−1 − TΛ1(TΛ1 + r)−11).
Let m = min(µ,mA). For  ⊂ Ω1 and m sufficiently large
(2.63) |A()| 6 O(m−2[rλ]) and |B()| 6 O(m−2[rλ]).
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Proof First consider the case T = −∆+ µ2. Then
(2.64) (−∆+ µ2 + r)−1 = (µ2 + r)−1
∞∑
n=1
((µ2 + r)−1∆)n.
Next we construct a random walk expansion of the operator (−∆+ µ2 + r)−1,
(2.65) ((µ2 + r)−1∆)n(x, x′) = (µ2 + r)−n
∑
x1,x2,··· ,xn
∆(x, x1)∆(x1, x2) · · ·∆(xn, x′)
where, x1, x2, · · · , xn is a random walk ω connecting sites x, x′. Note that ∆ forces x′is ∈ ω
to be nearest neighbors. This random walk expansion exists everywhere on lattice Λ and
converges for µ sufficiently large.
Next we note that in Ω1, TΛ1 = T. Thus, in A() and B() only those random walks
contribute that join Ω1 with Λ
c
1 forcing n > 2 [rλ]. Since ∆ is bounded,
(2.66)
Tr(1A1) = (µ2 + r)−1
∞∑
n=2 [rλ]
∑
x∈
((µ2 + r)−1∆)n(x, x) 6 [rλ]d(µ2 + r)−2 [rλ]
Tr(1B 1) = (−∆+ µ2)(µ2 + r)−1
∞∑
n=2 [rλ]
∑
x∈
(µ2 + r)−n∆n(x, x) 6 [rλ]d(µ2 + 2d)(µ2 + r)−2 [rλ].
The case with T = δd+m2A can be treated in the same manner, since δd is also bounded.
Lemma 2.7 W2 (as defined in 2.51) has a local expansion in ,
(2.67) W2 =
∑
⊂Λ
W2(), with |W2()| 6
{
O(m−2[rλ]) if  ⊂ Ω1,
O([rλ]d) if  ⊂ Ωc1.
Proof From definition of W2, for  ⊂ Ω1
(2.68) W2() =
∫ 1
0
drA() +
∫ ∞
1
dr
r
B()
using lemma 2.6
(2.69)∣∣∣∣
∫ 1
0
drA()
∣∣∣∣ 6 [rλ]dµ−4[rλ]−2
∫ 1
0
dr 6 [rλ]
dµ−4[rλ]−2∣∣∣∣
∫ ∞
1
dr
r
B()
∣∣∣∣ 6 [rλ]d(2d + µ2)
∣∣∣∣
∫ ∞
1
dr
r
r−2µ−2([rλ]+1)
∣∣∣∣ 6 [rλ]d 12(2d + µ2)µ−2([rλ]+1).
For  ⊂ Ωc1,
(2.70) W2() =
∫ 1
0
drTr1(T + r)
−11 +
∫ ∞
1
dr
r
Tr1T(T + r)
−11
MASS GAP IN WEAKLY COUPLED ABELIAN HIGGS ON A UNIT LATTICE 18
from 2.36,
(2.71)∫ 1
0
drTr1(T + r)
−11 =
∫ 1
0
dr
∑
ξ∈
(T + r)−1(ξ, ξ) 6 [rλ]d
∫ ∞
1
dr
r
Tr1T(T + r)
−11 6 (2d +m2)
∫ ∞
1
dr
r3/2
∑
ξ∈
(T + r)−
1
2 (ξ, ξ) 6 2(2d +m2)[rλ]
d.
3. Power series representation of Ξ(Ω1,Φ
′
Λ1−Ω1 ,ΦΛc1 ,J)
Recall that Ξ(Ω1,Φ
′
Λ1−Ω1 ,ΦΛc1 , J) =
∫
dµI(Φ
′
Ω1
) e
−V1(Ω0,Φ′Λ1 ,ΦΛc1 ,J)χˆ(Φ′Ω1), where, V1(Ω0,Φ
′
Λ1
,ΦΛc1 , J)
is given by 2.26
(3.1)
V1(Ω0,Φ
′
Λ1 ,ΦΛc1 , J) = −W1(Λ1)−W2(Ω0) + V (Ω0, C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)
+ Vε(Λ1,Φ
′)− e0〈C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1 , δJ〉.
Note that W1(Λ1) and W2(Ω0) are independent of Φ
′. We want to construct a power series
representation of ln Ξ(Ω1,Φ
′
Λ1−Ω1 ,ΦΛc1 , J), where ln denotes natural logarithm.
Notation. Let ξ ∈ Λ ∪ Λ∗. Then for example,
(3.2)
∑
x∈Λ
ρ(x)4 =
∑
ξ
Φ′(ξ)41ξ∈Λ,
∑
x∈Λ,x′∈Λ,b∈Λ∗
ρ(x)ρ(x′)A(b) =
∑
ξ,ξ′,ξ′′
Φ′(ξ)Φ′(ξ′)Φ′(ξ′′)1ξ∈Λ1ξ′∈Λ1ξ′′∈Λ∗ .
where, 1ξ∈Λ is the characteristic function that restricts ξ ∈ Λ ∪ Λ∗ to ξ ∈ Λ.
Power series. Let X ⊂ Λ. Let f(Φ,Ψ) be smooth and analytic function of the fields Φ,Ψ
defined on X. Then a power series expansion of f is given by
(3.3)
f(Φ,Ψ) =
∑
n,m>0
∑
ξ1,··· ,ξn∈X
η1,··· ,ηm∈X
a(ξ1, · · · ξn, η1, · · · , ηm) Φ(ξ1) · · ·Φ(ξn)Ψ(η1) · · ·Ψ(ηm).
Define a n-component vector ~ξ as
(3.4) ~ξ = {ξ1, ξ2, · · · , ξn}.
Then for a n-component vector ~ξ, write
(3.5) Φ(~ξ) = Φ(ξ1) · · ·Φ(ξn).
Rewrite power series expansion of f as
(3.6) f(Φ,Ψ) =
∑
n,m>0
∑
~ξ=(ξ1,··· ,ξn)∈X
~η=(η1,··· ,ηm)∈X
a(~ξ, ~η) Φ(~ξ)Ψ(~η).
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Let
(3.7) aΨ(~ξ) =
∑
~η∈X
a(~ξ, ~η) Ψ(~η)
and rewrite,
(3.8) f(Φ,Ψ) =
∑
~ξ∈X
aΨ(~ξ) Φ(~ξ)
such that
(3.9) e
f(Φ,Ψ) =
∞∑
l=0
1
l!
f(Φ,Ψ)l = 1 +
∞∑
l=1
1
l!
∑
~ξ1,··· ,~ξl∈X
aΨ(~ξ1) · · · aΨ(~ξl) Φ(~ξ1) · · ·Φ(~ξl).
First set ΦΛc1 = 0 and rewrite
(3.10) V1(Ω0,Φ
′
Λ1 , J) = V (Ω0, C
1
2
,loc
Λ1
Φ′) + Vε(Λ1,Φ′)− e0〈C
1
2
,loc
Λ1
Φ′, δJ〉.
Next note that
(3.11) C
1
2
,loc
Λ1
Φ′ = C
1
2
,loc
Λ1
(Φ′Λ1−Ω1 ,Φ
′
Ω1).
Let
(3.12) Φ = Φ′Ω1 , Ψ = (Ψ1,Ψ2) = (Φ
′
Λ1−Ω1 , J).
Thus, V1(Ω0,Φ
′
Λ1
, J) = V1(Ω0,Φ,Ψ) and Ξ(Ω1,Φ
′
Λ1−Ω1 , J) = Ξ(Ω1,Ψ).
We are interested in the case f(Φ,Ψ) = V1(Ω0,Φ,Ψ) and
(3.13) Ξ(Ω1,Ψ) =
∫
dµI(Φ)χˆ(Φ) e
f(Φ,Ψ).
We want to write a power series of ln Ξ(Ω1,Ψ) as
(3.14)
ln Ξ(Ω1,Ψ) = b0 +
∑
α1
b(η1)Ψα1(η1) +
∑
α1,α2
b(η1, η2)Ψα1(η1)Ψα2(η2) + · · ·
=
∑
m>0
∑
~η=(η1,··· ,ηm)
∑
α1,··· ,αm
b(~η)Ψα(~η).
Note that ln Ξ(Ω1, 0) = b0. As a first step to construct a power series written above, we
prove theorem 3.1.
Theorem 3.1 Let f(Φ,Ψ) = V1(Ω0,Φ,Ψ). Then there exists a coefficient system a(~ξ, ~η)
such that
(3.15)
V1(Ω0,Φ,Ψ) =
∑
n,m
n+m>0
∑
ξ1,··· ,ξn
η1,··· ,ηm
a(ξ1, · · · , ξn, η1, · · · , ηm)Φ(ξ1) · · ·Φ(ξn)Ψα(η1) · · ·Ψα(ηm)
with
(3.16) |a(ξ1, · · · ξn, η1, · · · , ηm)| 6 c (c0 e0)
n+m
2 e−γ
′t(ξ1,··· ,ξn,η1,··· ,ηm)
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where, c and c0 are constants and t(ξ1, · · · , ξn, η1, · · · , ηm) is the length of minimal tree.
Proof Recall that V1(Ω0,Φ,Ψ) = V (Ω0, C
1
2
,loc
Λ1
Φ′)+Vε(Λ1,Φ′)− e0〈C
1
2
,loc
Λ1
Φ′, δJ〉 and
(3.17)
V (Ω0, C
1
2
,loc
Λ1
Φ′) = ρ20
∑
ξ
(1− cos [e0C
1
2
,loc
Λ1
Φ′(ξ)]1ξ∈Ω∗0 −
1
2
e20 (C
1
2
,loc
Λ1
Φ′(ξ))21ξ∈Ω∗0)
+ ρ0
∑
ξ,ξ′
(C
1
2
,loc
Λ1
Φ′(ξ)1ξ∈Ω0 + C
1
2
,loc
Λ1
Φ′(ξ′)1ξ′∈Ω0)(1− cos [e0C
1
2
,loc
Λ1
Φ′(ξ′′)]1|ξ−ξ′|=11ξ′′=(ξ,ξ′))
+
∑
ξ,ξ′
C
1
2
,loc
Λ1
Φ′(ξ)C
1
2
,loc
Λ1
Φ′(ξ′)(1− cos [e0C
1
2
,loc
Λ1
Φ′(ξ′′)])1ξ∈Ω01ξ′∈Ω01|ξ−ξ′|=11ξ′′=(ξ,ξ′)
+
∑
ξ
(
λ (C
1
2
,loc
Λ1
Φ′(ξ))4 +
√
2λµ (C
1
2
,loc
Λ1
Φ′(ξ))3 − log
[
1 +
C
1
2
,loc
Λ1
Φ′(ξ)
ρ0
])
1ξ∈Ω0 .
Note that
(3.18) C
1
2
,loc
Λ1
Φ′(ξ) = (C
1
2
,loc
Λ1
Φ)(ξ) + (C
1
2
,loc
Λ1
Ψ1)(ξ).
(1) First rewrite
(3.19)∑
ξ
(cos[e0C
1
2
,loc
Λ1
Φ′(ξ)]− 1)1ξ∈Ω∗0 =
∑
ξ
∑
l:even
l>0
(−1)l/2 (e0C
1
2
,loc
Λ1
Φ′(ξ))l
l!
1ξ∈Ω∗0
=
∑
ξ
∑
l:even
l>0
(−1)l/2 [e0C
1
2
,loc
Λ1
Φ(ξ) + e0C
1
2
,loc
Λ1
Ψ1(ξ)]
l
l!
1ξ∈Ω∗0
=
∑
ξ
∑
l:even
(−1)l/2
l!
∑
n,m
n+m=l
l!
n!m!
(e0C
1
2
,loc
Λ1
Φ(ξ))n (e0C
1
2
,loc
Λ1
Ψ1(ξ))
m1ξ∈Ω∗0
=
∑
ξ
∑
n,m
n+m:even
en+m0
(−1)(n+m)/2
n!m!
∑
ξ1,··· ,ξn
η1,··· ,ηm
C
1
2
,loc
Λ1
(ξ, ξ1)Φ(ξ1) · · ·C
1
2
,loc
Λ1
(ξ, ξn)Φ(ξn)
C
1
2
,loc
Λ1
(ξ, η1)Ψ1(η1) · · ·C
1
2
,loc
Λ1
(ξ, ηm)Ψ1(ηm)1ξ∈Ω∗01ξj∈Λ∗11ηj∈Λ∗1
=
∑
n,m
n+m:even
∑
ξ1,··· ,ξn
η1,··· ,ηm
a(ξ1, · · · , ξn, η1, · · · , ηm)Φ(ξ1) · · ·Φ(ξn)Ψ1(η1) · · ·Ψ1(ηm)
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where,
(3.20)
a(ξ1, · · · , ξn, η1, · · · , ηm) = en+m0
(−1)(n+m)/2
n!m!
∑
ξ
C
1
2
,loc
Λ1
(ξ, ξ1) · · ·C
1
2
,loc
Λ1
(ξ, ξn)
C
1
2
,loc
Λ1
(ξ, η1) · · ·C
1
2
,loc
Λ1
(ξ, ηm)1ξ∈Ω∗01ξj∈Λ∗11ηj∈Λ∗1 .
Let ξ˜j = {ξj, ηj}. From lemma 2.2, C
1
2
,loc
Λ1
(ξ, ξ˜j) 6 ce
− γ
8
d(ξ,ξ˜j), where d(ξ, ξ˜j) de-
notes the infimum of the distance between the sites containing the bonds ξ, ξ˜j .
Using
(3.21)∑
j
d(ξ, ξ˜j) = length of tree joining (ξ, ξ1, · · · , ξn, η1, · · · , ηm) > t(ξ1, · · · , ξn, η1, · · · , ηm)
write
(3.22)
|a(ξ1, · · · , ξn, η1, · · · , ηm)| 6 c e
n+m
0
n!m!
∑
ξ
e−
γ
8
d(ξ,ξ1)−···− γ8 d(ξ,ξn)−
γ
8
d(ξ,η1)−···− γ8 d(ξ,ηm)
6 c
en+m0
n!m!
e−
γ
16
t(ξ1,··· ,ξn,η1,··· ,ηm)
∑
ξ
e−
γ
16
∑
j d(ξ,ξ˜j)
6 c
en+m0
n!m!
e−
γ
16
t(ξ1,··· ,ξn,η1,··· ,ηm).
(2) Similarly, rewrite
(3.23)
∑
ξ
λ (C
1
2
,loc
Λ1
Φ′(ξ))41ξ∈Ω0 =
∑
ξ
λ [C
1
2
,loc
Λ1
Φ(ξ) + C
1
2
,loc
Λ1
Ψ1(ξ)]
41ξ∈Ω0
=
∑
ξ
λ
∑
n,m
n+m=4
(n+m)!
n!m!
(C
1
2
,loc
Λ1
Φ(ξ))n (C
1
2
,loc
Λ1
Ψ1(ξ))
m1ξ∈Ω0
=
∑
ξ
λ
∑
n,m
n+m=4
(n+m)!
n!m!
∑
ξ1,··· ,ξn
η1,··· ,ηm
C
1
2
,loc
Λ1
(ξ, ξ1)Φ(ξ1) · · ·C
1
2
,loc
Λ1
(ξ, ξn)Φ(ξn)
C
1
2
,loc
Λ1
(ξ, η1)Ψ1(η1) · · ·C
1
2
,loc
Λ1
(ξ, ηm)Ψ1(ηm)1ξ∈Ω01ξj∈Λ11ηj∈Λ1
=
∑
n,m
n+m=4
∑
ξ1,··· ,ξn
η1,··· ,ηm
a(ξ1, · · · , ξn, η1, · · · , ηm)Φ(ξ1) · · ·Φ(ξn)Ψ1(η1) · · ·Ψ1(ηm)
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where,
(3.24)
a(ξ1, · · · , ξn, η1, · · · , ηm) = λ (n+m)!
n!m!
∑
ξ
C
1
2
,loc
Λ1
(ξ, ξ1) · · ·C
1
2
,loc
Λ1
(ξ, ξn)
C
1
2
,loc
Λ1
(ξ, η1) · · ·C
1
2
,loc
Λ1
(ξ, ηm)1ξ∈Ω01ξj∈Λ11ηj∈Λ1 .
Note that λ = O(e20), using C
1
2
,loc
Λ1
(ξ, ξ˜j) 6 ce
− γ
8
|ξ−ξ˜j| and (n+m)!n!m! 6 2
n+m = 16,
from Eq 3.21 and 3.22,
(3.25) |a(ξ1, · · · , ξn, η1, · · · , ηm)| 6 c (4e0)
n+m
2 e−
γ
16
t(ξ1,··· ,ξn,η1,··· ,ηm).
(3) Next note that in the log term,
∣∣∣Φ′(ξ)1ξ∈Ω0ρ0
∣∣∣ < 1 (−ρ0 < Φ′(ξ)1ξ∈Ω0 < pλ and
pλ < ρ0, since ρ0 = O(λ−1/2)). Rewrite
(3.26)∑
ξ
(
log
[
1 +
C
1
2
,loc
Λ1
Φ′(ξ)1ξ∈Ω0
ρ0
])
=
∑
ξ
∑
l
(−1)l+1 (C
1
2
,loc
Λ1
Φ′(ξ))l
lρl0
1ξ∈Ω0
=
∑
ξ
∑
l
(−1)l+1 [C
1
2
,loc
Λ1
Φ(ξ) + C
1
2
,loc
Λ1
Ψ1(ξ)]
l
lρl0
1ξ∈Ω0
=
∑
ξ
∑
l>0
(−1)l+1 1
lρl0
∑
n,m
n+m=l
l!
n!m!
(C
1
2
,loc
Λ1
Φ(ξ))n (C
1
2
,loc
Λ1
Ψ1(ξ))
m1ξ∈Ω0
=
∑
ξ
∑
n,m
n+m>0
(−1)n+m+1 1
(n+m)ρn+m0
(n +m)!
n!m!
∑
ξ1,··· ,ξn
η1,··· ,ηm
C
1
2
,loc
Λ1
(ξ, ξ1)Φ(ξ1) · · ·
C
1
2
,loc
Λ1
(ξ, ξn)Φ(ξn)C
1
2
,loc
Λ1
(ξ, η1)Ψ1(η1) · · ·C
1
2
,loc
Λ1
(ξ, ηm)Ψ1(ηm)1ξ∈Ω01ξj∈Λ11ηj∈Λ1
=
∑
n,m
n+m>0
∑
ξ1,··· ,ξn
η1,··· ,ηm
a(ξ1, · · · , ξn, η1, · · · , ηm)Φ(ξ1) · · ·Φ(ξn)Ψ1(η1) · · ·Ψ1(ηm)
where,
(3.27)
a(ξ1, · · · , ξn, η1, · · · , ηm) = (−1)n+m+1 1
(n +m)ρn+m0
(n+m)!
n!m!
∑
ξ
C
1
2
,loc
Λ1
(ξ, ξ1) · · ·C
1
2
,loc
Λ1
(ξ, ξn)
C
1
2
,loc
Λ1
(ξ, η1) · · ·C
1
2
,loc
Λ1
(ξ, ηm)1ξ∈Ω01ξj∈Λ11ηj∈Λ1 .
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Since ρ0 =
µ√
8λ
and λ = O(e20), using C
1
2
,loc
Λ1
(ξ, ξ˜j) 6 ce
− γ
8
|ξ−ξ˜j | and (n+m)!n!m! 6 2
n+m,
from Eq 21 and 22,
(3.28)
|a(ξ1, · · · , ξn, η1, · · · , ηm)| 6 c 1
(n+m)
( 2
ρ0
)n+m
e−
γ
16
t(ξ1,··· ,ξn,η1,··· ,ηm)
6 c (2e0)
n+m e−
γ
16
t(ξ1,··· ,ξn,η1,··· ,ηm).
(4) Next consider the term with ξ, ξ′ as nearest neighbor. First note that
(3.29)
C
1
2
,loc
Λ1
Φ′(ξ)C
1
2
,loc
Λ1
Φ′(ξ′) = (C
1
2
,loc
Λ1
Φ(ξ) + C
1
2
,loc
Λ1
Ψ1(ξ)) (C
1
2
,loc
Λ1
Φ(ξ′) + C
1
2
,loc
Λ1
Ψ1(ξ
′))
= C
1
2
,loc
Λ1
Φ(ξ)C
1
2
,loc
Λ1
Φ(ξ′) + C
1
2
,loc
Λ1
Φ(ξ)C
1
2
,loc
Λ1
Ψ1(ξ
′)
+C
1
2
,loc
Λ1
Ψ1(ξ)C
1
2
,loc
Λ1
Φ(ξ′) +C
1
2
,loc
Λ1
Ψ1(ξ)C
1
2
,loc
Λ1
Ψ1(ξ
′).
We use C
1
2
,loc
Λ1
Φ(ξ)C
1
2
,loc
Λ1
Φ(ξ′) to extract the coefficients of power series. Let ξ′′ =
(ξ, ξ′).
(3.30)∑
ξ,ξ′
C
1
2
,loc
Λ1
Φ(ξ)C
1
2
,loc
Λ1
Φ(ξ′)(1− cos [e0C
1
2
,loc
Λ1
Φ′(ξ′′)])
=
∑
ξ,ξ′,ξ′′
|ξ−ξ′|=1
∑
l:even
(−1)l/2
l!
∑
n,m
n+m=l
l!
n!m!
C
1
2
,loc
Λ1
Φ′(ξ)C
1
2
,loc
Λ1
Φ(ξ′)(e0C
1
2
,loc
Λ1
Φ(ξ′′))n (e0C
1
2
,loc
Λ1
Ψ1(ξ
′′))m
1ξ∈Ω01ξ′∈Ω01ξ′′∈Ω∗0
=
∑
ξ,ξ′,ξ′′
|ξ−ξ′|=1
∑
n,m
n+m:even
en+m0
(−1)(n+m)/2
n!m!
∑
ξa,ξb,ξ1,··· ,ξn
η1,··· ,ηm
C
1
2
,loc
Λ1
(ξ, ξa)Φ(ξa)C
1
2
,loc
Λ1
(ξ′, ξb)Φ(ξb)
C
1
2
,loc
Λ1
(ξ′′, ξ1)Φ(ξ1) · · ·C
1
2
,loc
Λ1
(ξ′′, ξn)Φ(ξn)C
1
2
,loc
Λ1
(ξ′′, η1)Ψ1(η1) · · ·C
1
2
,loc
Λ1
(ξ′′, ηm)Ψ1(ηm)
1ξa∈Λ11ξb∈Λ11ξj∈Λ∗11ηj∈Λ∗11ξ∈Ω01ξ′∈Ω01ξ′′∈Ω∗0
=
∑
n,m
n+m:even
∑
ξa,ξb,ξ1,··· ,ξn
η1,··· ,ηm
a(ξa, ξb, ξ1, · · · , ξn, η1, · · · , ηm)Φ(ξa) · · ·Φ(ξn)Ψ1(η1) · · ·Ψ1(ηm)
where,
(3.31)
a(ξa, ξb, ξ1, · · · , ξn, η1, · · · , ηm) =
∑
ξ,ξ′,ξ′′
|ξ−ξ′|=1
en+m0
(−1)(n+m)/2
n!m!
C
1
2
,loc
Λ1
(ξ, ξa)C
1
2
,loc
Λ1
(ξ′, ξb)
C
1
2
,loc
Λ1
(ξ′′, ξ1) · · ·C
1
2
,loc
Λ1
(ξ′′, ξn)C
1
2
,loc
Λ1
(ξ′′, η1) · · ·C
1
2
,loc
Λ1
(ξ′′, ηm)
1ξa∈Λ11ξb∈Λ11ξj∈Λ∗11ηj∈Λ∗11ξ∈Ω01ξ′∈Ω01ξ′′∈Ω∗0 .
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Tree decay. Let ξ˜ = {ξ, ξ′, ξ′′} and ξa ∈ Λ1, ξb ∈ Λ1, ξj ∈ Λ∗1, ηj ∈ Λ∗1. Then
from triangle inequality, d(ξ˜, ξa) > |d(ξ, ξa) − d(ξ, ξ˜)| > d(ξ, ξa) − 1. Similarly,
d(ξ˜, ξb) > d(ξ, ξb)−1, d(ξ˜, ξj) > d(ξ, ξj)−1 and d(ξ˜, ηj) > d(ξ, ηj)−1. From lemma
2.2, C
1
2
,loc
Λ1
(ξ, ξj) 6 ce
− γ
8
d(ξ,ξj) and using
(3.32)
d(ξ, ξa) + d(ξ, ξb) +
∑
j
d(ξ, ξj) +
∑
j
d(ξ, ηj) =
length of tree joining (ξ, ξa, ξb, ξ1, · · · , ξn, η1, · · · , ηm) > t(ξa, ξb, ξ1, · · · , ξn, η1, · · · , ηm)
write
(3.33)
|a(ξa, ξb, ξ1, · · · , ξn, η1, · · · , ηm)| 6 c e
n+m
0
n!m!
∑
ξ
e−
γ
8
d(ξ,ξa)−···− γ8 d(ξ,ηm)en+m+2
6 ce2
1
n!m!
(ee0)
n+m e−
γ
16
t(ξa,··· ,ηm)
∑
ξ
e−
γ
16
(d(ξ,ξa)−···−d(ξ,ηm))
6 c
1
n!m!
(ee0)
n+m e−
γ
16
t(ξa,ξb,ξ1,··· ,ξn,η1,··· ,ηm).
(5) For the next term, C
1
2
,loc
Λ1
Φ′(ξ)(1 − cos [e0C
1
2
,loc
Λ1
Φ′(ξ′)]) there are two cases since
C
1
2
,loc
Λ1
Φ′(ξ) = C
1
2
,loc
Λ1
Φ(ξ) + C
1
2
,loc
Λ1
Ψ1(ξ). We use the first term to extract the coef-
ficients of power series.
(3.34)∑
ξ,ξ′
C
1
2
,loc
Λ1
Φ(ξ)(1 − cos [e0C
1
2
,loc
Λ1
Φ′(ξ′)])1ξ∈Ω01ξ′∈Ω∗0
=
∑
ξ,ξ′
∑
l:even
(−1)l/2
l!
∑
n,m
n+m=l
l!
n!m!
C
1
2
,loc
Λ1
Φ(ξ) (e0C
1
2
,loc
Λ1
Φ(ξ′))n (e0C
1
2
,loc
Λ1
Ψ1(ξ
′))m1ξ∈Ω01ξ′∈Ω∗0
=
∑
ξ,ξ′
∑
n,m
n+m:even
en+m0
(−1)(n+m)/2
n!m!
∑
ξa,ξ1,··· ,ξn
η1,··· ,ηm
C
1
2
,loc
Λ1
(ξ, ξa)Φ(ξa)C
1
2
,loc
Λ1
(ξ′, ξ1)Φ(ξ1) · · ·
C
1
2
,loc
Λ1
(ξ′, ξn)Φ(ξn)C
1
2
,loc
Λ1
(ξ′, η1)Ψ1(η1) · · ·C
1
2
,loc
Λ1
(ξ′, ηm)Ψ1(ηm)1ξa∈Λ11ξj∈Λ∗11ηj∈Λ∗11ξ∈Ω01ξ′∈Ω∗0
=
∑
n,m
n+m:even
∑
ξa,ξ1,··· ,ξn
η1,··· ,ηm
a(ξa, ξ1, · · · , ξn, η1, · · · , ηm)Φ(ξa)Φ(ξ1) · · ·Φ(ξn)Ψ1(η1) · · ·Ψ1(ηm)
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where,
(3.35)
a(ξa, ξ1, · · · , ξn, η1, · · · , ηm) = en+m0
(−1)(n+m)/2
n!m!
∑
ξ,ξ′
C
1
2
,loc
Λ1
(ξ, ξa)C
1
2
,loc
Λ1
(ξ′, ξ1) · · ·C
1
2
,loc
Λ1
(ξ′, ξn)
C
1
2
,loc
Λ1
(ξ′, η1) · · ·C
1
2
,loc
Λ1
(ξ′, ηm)1ξa∈Λ11ξj∈Λ∗11ηj∈Λ∗11ξ∈Ω01ξ′∈Ω∗0
and from the paragraph tree decay as in Eq 3.32 and 3.33, setting ξ˜ = {ξ, ξ′}, it
follows that
(3.36) |a(ξa, ξ1, · · · , ξn, η1, · · · , ηm)| 6 c 1
n!m!
(ee0)
n+m e−
γ
2
t(ξa,ξ1,··· ,ξn,η1,··· ,ηm).
This completes the proof for V (Ω0, C
1
2
,loc
Λ1
Φ′).
(6) Next rewrite from lemma 2.3
(3.37)
Vε(Λ1,Φ
′) = 〈C
1
2
Λ1
Φ′,TΛ1δC
1
2
Λ1
Φ′〉 − 2〈C−
1
2
Λ1
Φ′, δC
1
2
Λ1
Φ′〉
=
∑
ξ
(C
1
2
Λ1
Φ′)(ξ)(TΛ1δC
1
2
Λ1
Φ′)(ξ)− 2
∑
ξ
(C
− 1
2
Λ1
Φ′)(ξ)(δC
1
2
Λ1
Φ′)(ξ)
=
∑
ξ
(C
1
2
Λ1
Φ(ξ) + C
1
2
Λ1
Ψ1(ξ))(TΛ1δC
1
2
Λ1
Φ(ξ) + TΛ1δC
1
2
Λ1
Ψ1(ξ))
− 2
∑
ξ
(C
− 1
2
Λ1
Φ(ξ) + C
− 1
2
Λ1
Ψ1(ξ))(δC
1
2
Λ1
Φ(ξ) + δC
1
2
Λ1
Ψ1(ξ)).
Consider the following part of Vε(Λ1,Φ
′),
(3.38)∑
ξ
C
1
2
Λ1
Φ(ξ)TΛ1δC
1
2
Λ1
Φ(ξ)− 2
∑
ξ
C
− 1
2
Λ1
Φ(ξ)δC
1
2
Λ1
Φ(ξ)
=
∑
ξ,ξ1,ξ2
TΛ1(ξ, ξ2)C
1
2
Λ1
(ξ, ξ1)δC
1
2
Λ1
(ξ1, ξ2) Φ(ξ1)Φ(ξ2)− 2
∑
ξ,ξ1
C
− 1
2
Λ1
(ξ, ξ1)δC
1
2
Λ1
(ξ, ξ1) Φ(ξ1)
2.
We use the above part to extract the coefficients for Vε(Λ1,Φ
′). First rewrite
(3.39)
∑
ξ,ξ1,ξ2
TΛ1(ξ, ξ2)C
1
2
Λ1
(ξ, ξ1)δC
1
2
Λ1
(ξ1, ξ2) Φ(ξ1)Φ(ξ2) =
∑
ξ1,ξ2
a(ξ1, ξ2) Φ(ξ1)Φ(ξ2)
where,
(3.40) a(ξ1, ξ2) =
∑
ξ
TΛ1(ξ, ξ2)C
1
2
Λ1
(ξ, ξ1)δC
1
2
Λ1
(ξ1, ξ2).
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From lemma 2.2, using δC
1
2
Λ1
(ξ1, ξ2) 6 ce
− γ
8
rλ ,
(3.41)
|a(ξ1, ξ2)| 6
∑
ξ
ce−
γ
8
|ξ−ξ1|e−
γ
8
|ξ1−ξ2| 6 ce−
γ
16
rλ
∑
ξ
e−
γ
8
|ξ−ξ1|e−
γ
16
|ξ1−ξ2| 6 ce0e−
γ
16
|ξ1−ξ2|
where, we have used that e−
γ
16
rλ = O(e20). Next rewrite
(3.42)
∑
ξ,ξ1
C
− 1
2
Λ1
(ξ, ξ1)δC
1
2
Λ1
(ξ, ξ1) Φ(ξ1)
2 =
∑
ξ,ξ1,ξ2
C
− 1
2
Λ1
(ξ, ξ1)Φ(ξ1)δC
1
2
Λ1
(ξ, ξ2)Φ(ξ2)
=
∑
ξ1,ξ2
a(ξ1, ξ2) Φ(ξ1)Φ(ξ2)
where,
(3.43) a(ξ1, ξ2) =
∑
ξ
C
− 1
2
Λ1
(ξ, ξ1)δC
1
2
Λ1
(ξ, ξ2)δ(ξ1 − ξ2).
From lemma 2.2, using δC
1
2
Λ1
(ξ1, ξ2) 6 ce
− γ
8
rλ ,
(3.44)
|a(ξ1, ξ2)| 6
∑
ξ
ce−
γ
8
|ξ−ξ2|δ(ξ1 − ξ2) 6 ce−
γ
16
rλ
∑
ξ
e−
γ
16
|ξ−ξ2|δ(ξ1 − ξ2) 6 ce0 δ(ξ1 − ξ2).
The other terms in Eq 3.37 are treated similarly.
(7) The source term
(3.45)
e0〈C
1
2
,loc
Λ1
Φ′, δJ〉 = e0
∑
ξ
(C
1
2
,loc
Λ1
Φ(ξ)Ψ2(ξ) + C
1
2
,loc
Λ1
Ψ1(ξ)Ψ2(ξ))1ξ∈Ω∗0
= e0
∑
ξ,ξ1
(C
1
2
,loc
Λ1
(ξ, ξ1)Φ(ξ1)Ψ2(ξ) +C
1
2
,loc
Λ1
(ξ, ξ1)Ψ1(ξ1)Ψ2(ξ))1ξ∈Ω∗01ξ1∈Λ∗1
=
∑
ξ,ξ1
a(ξ, ξ1) (Φ(ξ1)Ψ2(ξ) + Ψ1(ξ1)Ψ2(ξ))
where,
(3.46) a(ξ, ξ1) = e0C
1
2
,loc
Λ1
(ξ, ξ1)1ξ∈Ω∗01ξ1∈Λ∗1
and using lemma 2.2, |a(ξ, ξ1)| < ce0 e−
γ
8
d(ξ,ξ1). This completes the proof of theo-
rem 3.1.
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Norm of V1. Let w4r,κˆ(~ξ, ~η) = e
mt(supp(~ξ,~η))(4r)nκˆm be the weight system with mass m
giving weight at least 4r to Φ and κˆ to Ψα. Let X ⊂ Λ1 with X ∩ Ω1 6= ⊘. Define
(3.47)
|a|w4r,κˆ =
∑
n,m>0
max
ξ∈X
max
16i6n
16j6m
∑
ξ1,··· ,ξn,η1,··· ,ηm∈X
ξi=ξ or ηj=ξ
emt(supp(
~ξ,~η))(4r)nκˆm |a(ξ1, · · · , ξn, η1, · · · , ηm)|.
Then the norm is defined as ||V1||w4r,κˆ = |a|w4r,κˆ . Let 4r = p0,λ, κˆ = 1 and m < γ′. Then
from theorem 3.1
(3.48)
||V1||w4r,κˆ 6
∑
n+m>0
max
ξ∈X
max
16i6n
16j6m
∑
ξ1,··· ,ξn,η1,··· ,ηm∈X
ξi=ξ or ηj=ξ
emt(supp(
~ξ,~η))pn0,λ c (c0 e0)
n+m
2 e−γ
′t(supp(~ξ,~η))
6
∑
n+m>0
max
ξ∈X
max
16i6n
16j6m
∑
ξ1,··· ,ξn,η1,··· ,ηm∈X
ξi=ξ or ηj=ξ
c (c0 p
2
0,λe0)
n
2 (c0 e0)
m
2 e−(γ
′−m)t(supp(~ξ,~η))
6
∑
n+m>0
max
ξ∈X
max
16i6n
16j6m
∑
ξ1,··· ,ξn,η1,··· ,ηm∈X
ξi=ξ or ηj=ξ
c (c0 e
1−2ǫ
0 )
n
2 (c0 e0)
m
2 e−(γ
′−m)t(supp(~ξ,~η))
6 c
∑
n+m>0
(c0 e
1−2ǫ
0 )
n
2 (c0 e0)
m
2
6 c (c0 e
1−2ǫ
0 )
1
2 .
Note that pn0,λ 6 e
−nǫ
0 , (c0 e0) < 1 and (c0 e
1−2ǫ
0 ) < 1.
Theorem 3.2 Given a power series of V1(Ω0,Φ,Ψ) with coefficient system a(~ξ, ~η), let
wκˆ(~η) = e
mt(supp(~η))κˆn(~η) be the weight system of mass m giving weight κˆ to the field Ψα.
Let Z = supp(~η). Set κˆ = 1. Then there exists a coefficient system b(~η) having decay
properties as a(~ξ, ~η), with
(3.49) |b|wκˆ =
∑
n>0
max
η∈X
max
16i6n
∑
(η1,··· ,ηn)∈X
ηi=η
wκˆ(~η) |b(η1, · · · , ηn)|
and a function H(Z,Ψ) =
∑
~η
supp(~η)=Z
b(~η)Ψα(~η) with H(0) = b0 and ln Ξ(Ω1,Ψ) =∑
Z H(Z,Ψ). Define ||H||wκˆ = |b|wκˆ , then for e0 sufficiently small
(3.50) ||H −H(0)||wκˆ 6
||V1||w4r,κˆ
1− 16||V1||w4r,κˆ
6 c (c0 e
1−2ǫ
0 )
1
2 .
Proof follows directly from Balaban, Feldman, Kno¨rrer and Trubowitz [2].
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Note that the series H(Z,Ψ) =
∑
~η
supp(~η)=Z
b(~η)Ψα(~η) converges in a unit disc in complex
plane containing J and therefore,
∑
Z H(Z,Ψ) also converges. From theorem 3.2,
(3.51)
|H(Z)| 6 e−mt(supp(~η))
∑
n>0
max
η∈X
max
16i6n
∑
(η1,··· ,ηn)∈X
ηi=η
wκˆ(~η) |b(η1, · · · , ηn)|
6 ||H||wκˆ e−mt(Z)
6 c (c0 e
1−2ǫ
0 )
1
2 e−mt(Z).
So far we have assumed ΦΛc1 = 0. Now we drop this assumption.
Proposition 3.1 (Shift) Let H be an analytic function. Let φ = −CΛ1TΛ1Λc1ΦΛc1 denote
shift. Define H# by
(3.52) H#(Ψ, φ) = H(Ψ + φ) =
∑
~η=(η1,··· ,ηn+m)∈X
b(~η)(Ψ + φ)(~η).
Let wκˆ,κˆ2(~η) = e
mt(supp(~η))κˆnκˆm2 be the weight system of mass m that gives weight κˆ2
to φ. Set κˆ = 1 and κˆ2 = pλ. Let Z = supp(~η). Then ||H#||wκˆ,κˆ2 = ||H||wκˆ+κˆ2 and
|H(Z)| = |H#(Z)|.
Proof follows directly from [2].
3.1. From ~η to polymer. A union of [rλ] blocks i is called connected if any two blocks
centered on nearest [rλ] neighbor sites, have a common hypersurface, face, edge or a site.
A polymer is a connected union of [rλ] blocks, . For a polymer X, let |X| denote the
number of  in X. Recall that Z = supp(~η). Define the set
(3.53) XZ = {all [rλ] blocks, containing Z : XZ ∩ Ω1 6= ⊘}.
Let X = {Xi} ⊂ Ω0 be a collection of polymers. Rewrite,
(3.54) ln Ξ(Ω1,Ψ) =
∑
Z
H#(Z,Ψ) =
∑
X
∑
Z:XZ=X
H#(Z,Ψ) =
∑
X
H#(X,Ψ).
Rewrite Ξ(Ω1,Ψ) using Mayer expansion as
(3.55)
Ξ(Ω1,Ψ) = e
∑
XH
#(X,Ψ) =
∏
X
[
eH
#(X,Ψ) − 1 + 1
]
=
∑
{Xi}→Y
∏
i
[
eH
#(Xi,Ψ) − 1
]
=
∑
{Yi},
disjoint
∏
i
K(Yi,Ψ)
where, {Yi} are polymers and for a particular Yi,
(3.56) K(Y,Ψ) =
∑
∪Xi=Y
∏
i
[
eH
#(Xi,Ψ) − 1
]
.
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Lemma 3.1Given an analytic functionH# as defined earlier with |H#(Z)| 6 c (c0 e1−2ǫ0 )
1
2 e−mt(Z).
Then for a polymer X = XZ containing |X| blocks, e−mt(Z) 6 e−κ|X| and thus,
(3.57) |H#(X)| 6 c (c0 e1−2ǫ0 )
1
2 e−κ|X|.
Proof By definition the polymer X = XZ , therefore, t(Z) > t(X) = (t(X) + 1) − 1 implies
e−mt(Z) 6 eme−m(t(X)+1). Using the inequality (see for example [8]) t(X) 6 |X| 6 c(t(X) +
1), it follows that e−mt(Z) 6 eme−κ|X|. Thus, the result.
Lemma 3.2 Given a disjoint collection of polymers Y = {Yi} and K(Yi,Ψ) as defined
above, then for a new constant κ′, |K(Y)| 6 c (c0 e1−2ǫ0 )
1
2 e−κ
′|Y|.
Proof First write the unordered collection {Xi} as ordered sets (X1,X2, · · · ,Xn). Then for
a particular Yi,
(3.58) K(Y,Ψ) =
∞∑
n=1
1
n!
∑
∪Xi=Y
∏
i
[
eH
#(Xi,Ψ) − 1
]
.
Now using lemma 3.1,
(3.59)
∣∣∣eH#(Xi) − 1∣∣∣ = ∣∣∣∣
∫ 1
0
d
ds
esH
#(Xi)ds
∣∣∣∣ =
∣∣∣∣
∫ 1
0
H#(Xi)e
sH#(Xi)ds
∣∣∣∣
6 c (c0 e
1−2ǫ
0 )
1
2 e−κ|Xi|
and
(3.60)
|K(Y)| 6
∞∑
n=1
1
n!
∑
∪Xi=Y
n∏
i=1
c (c0 e
1−2ǫ
0 )
1
2 e−κ|Xi|
6 (c0 e
1−2ǫ
0 )
1
2 e−
κ
2
|Y|
∞∑
n=1
1
n!
∑
{X1,··· ,Xn}⊂Y
n∏
i=1
c (c0 e
1−2ǫ
0 )
1
4 e−
κ
2
|Xi|
6 (c0 e
1−2ǫ
0 )
1
2 e−
κ
2
|Y|
∞∑
n=1
1
n!
[ ∑
X⊂Y
c (c0 e
1−2ǫ
0 )
1
4 e−
κ
2
|X|
]n
6 (c0 e
1−2ǫ
0 )
1
2 e−
κ
2
|Y|
∞∑
n=1
1
n!
(c (c0 e
1−2ǫ
0 )
1
4 |Y|)n
6 (c0 e
1−2ǫ
0 )
1
2 e−
κ
2
|Y|+c (c0 e1−2ǫ0 )
1
4 |Y|
6 (c0 e
1−2ǫ
0 )
1
2 e−κ
′|Y|,
where,
∑
X⊂Y c (c0 e
1−2ǫ
0 )
1
4 e−
κ
2
|X| = c (c0 e1−2ǫ0 )
1
4 |Y| follows from lemma 25 in [8].
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4. Large field region
Recall that we have divided the whole lattice Λ into [rλ] blocks . Now there are two large
field regions,
(1) intermediate large field region Λ1 − Ω1 such that ∀ ∈ Λ1 − Ω1,∃ at least one
ξ ∈ , with p0,λ < |Φ(ξ)| and ∀ξ ∈ , |Φ(ξ)| < pλ,
(2) large field region Λc0 such that ∀ ∈ Λc0,∃ at least one ξ ∈ , with |Φ(ξ)| > pλ and
v 6= 0.
Let P ≡ Λ1 −Ω1 and Q˜ ≡ Λc1. Let {Pl} and {Q˜k} denote connected components of P and
Q˜ respectively, that is, Pl and Q˜k are polymers. For any Q˜k ⊂ Λc1, let
⋃
i{Qk,i} ⊂ Q˜k such
that each Qk,i is a connected component of Λ
c
0. Denote Q˜k ⊃
⋃
i{Qk,i} ≡ Qk. Rewrite the
large field quadratic part in the generating functional Eq 2.29,
(4.1)
−1
2
〈Φ,TΛc1Φ〉+
1
2
〈Φ,TΛc1Λ1CΛ1TΛ1Λc1Φ〉 = −
1
2
∑
i
〈Φ, (TQ˜i − TQ˜iΛ1CΛ1TΛ1Q˜i)Φ〉
+
1
2
∑
i,j
i 6=j
〈Φ,TQ˜iΛ1CΛ1TΛ1Q˜jΦ〉.
The first term on the right hand side can be represented by {Q˜k}. For the second term we
construct polymers in the following manner. Consider two disjoint blocks  and ′ such
that d(,′) > [rλ]. Let X be a polymer connecting  and ′. For example,
X(,′) : all d-dimensional rectangular paths connecting ,′.
(By rectangular paths we mean starting at  and selecting coordinate axis one at a time
and traveling along it until the coordinate of ′ is reached.) Let 1 and 1′ denote the
characteristic functions restricting operators to  and ′ respectively. Then,
(4.2)
1
2
∑
i,j
i 6=j
〈Φ,TQ˜iΛ1CΛ1TΛ1Q˜jΦ〉 =
1
2
∑
,′
∑
i,j
〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉
=
1
2
∑
X
∑
,′→X
∑
i,j
〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉
=
∑
X
σ(X),
where, only disjoint ,′ contribute and
(4.3) σ(X) =
1
2
∑
,′→X
∑
i,j
〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉.
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Thus, e
∑
i6=j〈Φ,TQ˜iΛ1CΛ1TΛ1Q˜jΦ〉 = e
∑
X σ(X). Using Mayer expansion, rewrite
(4.4) e
∑
X σ(X) =
∏
X
[
(eσ(X) − 1) + 1
]
=
∑
{Xi}
distinct
∏
i
[
eσ(Xi) − 1
]
=
∑
{Xi}
disjoint
∏
i
f(Xi)
where, in the last step we group the {Xi} into connected sets and define for X con-
nected,
(4.5) f(X) =
∑
∪Xi=X
∏
i
[
eσ(Xi) − 1
]
.
Recall from Eq 2.27, that Z0(Ω1) =
∫ DΦ′Ω1e−||Φ′||2Ω1 , rewrite
(4.6) Z0(Ω1) = Z0(Λ)Z0(Ω
c
1)
−1 = Z0(Λ)Z0(Q˜)−1Z0(P)−1.
Then the generating functional is
(4.7)
Z[J] =
(2π
e0
)−|Λ|+1
(det C
1
2 ) Z0(Λ)
∑
v:dv=0
∑
{Q˜k}
∑
{Xi}
∑
{Pl}
∑
{Yj}
∏
k
eW2(Q˜k)
∫ ∏
k
DΦQ˜ke
− 1
2
〈Φ,(TQ˜k−TQ˜kΛ1CΛ1TΛ1Q˜k )Φ〉−V (Q˜k ,Φ)ζQk χQ˜k\Qk(Φ)
∏
k
Z0(Q˜k)
−1
∏
i
f(Xi, J)
∏
l
eW2(Pl)
∫ ∏
l
DΦ′Ple
− 1
2
||Φ′||2Pl−V (Pl,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 )ζˆPl(Φ
′)
χPl(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1)
∏
l
Z0(Pl)
−1 ∏
j
K(Yj , J).
where, ζQk =
∏
i ζQk,i:∪iQk,i⊂Q˜k(Φ). Denote
(4.8)
ρ(Q˜k, J) = e
W2(Q˜k) e
− 1
2
〈Φ,(TQ˜k−TQ˜kΛ1CΛ1TΛ1Q˜k )Φ〉−V (Q˜k,Φ)ζQk(Φ)χQ˜k\Qk(Φ) Z0(Q˜k)
−1
ρ′(Pl, J) = eW2(Pl)e
− 1
2
||Φ′||2Pl−V (Pl,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 )ζˆPl(Φ
′)
χPl(C
1
2
,loc
Λ1
Φ′ − CΛ1TΛ1Λc1ΦΛc1) Z0(Pl)−1
and rewrite the generating functional as
(4.9)
Z[J] =
(2π
e0
)−|Λ|+1
(det C
1
2 ) Z0(Λ)
∑
v:dv=0
∑
{Q˜k}
∑
{Xi}
∑
{Pl}
∑
{Yj}∏
k
∫
DΦQ˜kρ(Q˜k, J)
∏
i
f(Xi, J)
∏
l
∫
DΦ′Plρ′(Pl, J)
∏
j
K(Yj , J).
Lemma 4.1 |f(X, J)| 6 ce0 e−γ′|X|, for some c, γ′ > 0.
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Proof Let ξ ∈  and ξ′ ∈ ′. Define a metric d(ξ, ξ′) = supµ |ξµ − ξ′µ| and d(,′) =
infξ,ξ′ d(ξ, ξ
′). Then |C(ξ, ξ′)| 6 ce−γd(ξ,ξ′) 6 ce−γd(,′). For any (Q˜i, Q˜j) with  ∈ Q˜i
and ′ ∈ Q˜j, X is a polymer joining ,′ such that
(4.10) d(,′) = inf
∈Q˜i
′∈Q˜j
d(,′).
We assume that the number of (,′) satisfying the above condition is bounded by O(|X|)
and the number of (Q˜i, Q˜j) is also bounded by O(|X|). Now there are d! ways to construct
X. Thus, d(,′) > |X|d! . Also, as ,
′ are disjoint d(,′) > [rλ]. Note that Φ is at most
pλ near the boundary ∂Λ1 since |Φ(ξ)| 6 pλ,∀ξ ∈ Λ0. From the definition, Eq 4.3 and
using e−
γ
2
[rλ] = O(e20), it follows
(4.11)
|σ(X)| 6 1
2
O(|X|2)p2λ e−
γ
2
d(,′) e−
γ
2
[rλ]
6
1
2
e20 |X|2 p2λe−
γ
2d!
|X|
6 ce0 e
− γ
2d!
|X|
and following Eq 3.60 for some γ′ < γ2d! ,
(4.12) |f(X, J)| 6 ce0 e−γ′|X|.
Lemma 4.2 Let mmin = min(µ
2,m2A). Then for sufficiently large mmin and some constant
γ1 > 0, the large field action is bounded below as
(4.13) 〈Φ, (TQ˜k − TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉+ V (Q˜k,Φ) > γ1〈Φ,TΦ〉Q˜k + c ||Φ||
2
Q˜k
.
Proof Rewrite
(4.14)
〈Φ, (TQ˜k − TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉+ V (Q˜k,Φ) =
1
2
〈Φ, (TQ˜k − 2TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉
+
1
2
〈Φ,TΦ〉Q˜k + V (Q˜k,Φ).
From the definition of T = C−1 (Eq 2.8), note that for some constant c > 0, ||CΛ1 ||∞ < cmmin
and due to locality in TQ˜kΛ1 , there is no mass term in TQ˜kΛ1 . Using the positivity of −∆
and δd,
(4.15) 〈Φ, (TQ˜k − 2TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉 > (mmin −
c
mmin
)||Φ||2
Q˜k
.
The constant on the right is positive for mmin sufficiently large. And the result then follows
from the stability lemma 11.1 in [1].
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Proposition 4.1 Let Q˜ = {Q˜k} with Q˜k ⊃ Qk be polymers as defined and the function
ρ(Q˜k, J) be as defined in Eq 4.8. Then
(4.16)
∣∣∣∣∣∣
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∣∣∣∣∣∣ 6 ce20 e−
3
8
pλ|Qk|e
−(mminγ1−p−1λ +c)||Φ||2Q˜k .
Proof Note that for  ∈ Qk,Φ(ξ) > pλ, for at least one ξ ∈  and so
(4.17) ζ() 6 e−pλ+p
−1
λ ||Φ||2.
Therefore, for
⋃
iQk,i = Qk ⊂ Q˜k,
(4.18) ζ(Qk) =
∏
i
∏
∈Qk,i
ζˆ() 6 e
−pλ
∑
i |Qk,i|+p−1λ
∑
i ||Φ||2Qk,i 6 e−pλ|Qk|+p
−1
λ
||Φ||2Qk .
From lemma 2.7,W2() 6 O([rλ]d). Note that
∣∣∣Z0(Q˜k)−1∣∣∣ = π−|Q˜k|2 6 e− 12 |Q˜k|. Thus,
(4.19)
eW2(Q˜k) Z0(Q˜k)
−1ζQk(Φ) χQ˜k\Qk(Φ) 6 e
(O([rλ]d)− 12 ) |Q˜k| e−pλ |Qk|+p
−1
λ
||Φ||2Qk
6 e3
d(O([rλ]d)− 12 ) |Qk| e
−pλ |Qk|+p−1λ ||Φ||2Q˜k
where, we have used the fact that |Λc1| 6 3d|Λc0| and therefore, |Q˜k| 6 3d|Qk| and ||Φ||Q2k 6||Φ||Q˜2
k
. Now using lemma 4.2,
(4.20)∣∣∣∣∣∣
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∣∣∣∣∣∣ 6 e3
d(O([rλ]d)− 12 ) |Qk| e−pλ |Qk|
∑
v∈Q˜k
e
− 1
2
γ1〈Φ,TΦ〉Q˜k−〈dA+v,J〉+(p
−1
λ −c)||Φ||2Q˜k .
The bound of |J| < α, where, α < 1, implies
∣∣e−〈dA+v,J〉∣∣ 6 e∑p α|(dA+v)(p)|. From the
definition 〈Φ,TΦ〉 = (dA+ v)2(p) +m2A|A(b)|2 +O(ρ2). Rewrite,
(4.21)∣∣∣∣∣∣
∑
v onQk:dv=0
ρ(Q˜k, J)
∣∣∣∣∣∣ 6 e3
d(O([rλ]d)− 12 ) |Qk| e−pλ |Qk|
∑
v∈Q˜k
e
− 1
2
γ1〈Φ,TΦ〉Q˜k+
∑
p α|(dA+v)(p)|+(p−1λ −c)||Φ||2Q˜k
6 e3
d(O([rλ]d)− 12 ) |Qk| e−pλ |Qk| e
(p−1
λ
−c)||Φ||2
Q˜ke
−∑b∈Q˜k γ1m
2
A|A(b)|2−γ1O(ρ2)∑
v(p),p∈Q˜k
e
∑
p∈Q˜k
− 1
2
γ1|dA(p)+v(p)|2+α|dA(p)+v(p)|
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using v(p) ∈ 2πe0 Z and |dA| < 4πe0 , only writing the terms containing v,
(4.22)∑
v(p),p∈Qk
e
∑
p∈Q˜k
− 1
2
γ1|dA(p)+v(p)|2+α|dA(p)+v(p))| =
∏
p∈Q˜k
∑
v(p)
e−
1
2
γ1|dA(p)+v(p)|2+α|dA(p)+v(p))|
6
∏
p∈Q˜k
(
5 +
∑
|v|> 6π
e0
e−
1
2
γ1|dA(p)+v(p)|2+α|dA(p)+v(p)|
)
6
∏
p∈Q˜k
(
5 +
∑
|v|> 6π
e0
e
− 1
2
γ1|dA(p)+v(p)|2+α
2
γ2
)
.
Since, |dA+ v| > 2πe0 = v3 , therefore,
(4.23)
∑
v(p),p∈Q˜k
e
∑
p∈Q˜k
− 1
2
γ1|dA(p)+v(p)|2+α|dA(p)+v(p))|
6
∏
p∈Q˜k
(
5 + e
α2
γ2
1
∑
|v|> 6π
e0
e−
1
18
γ1v2
)
6
∏
p∈Q˜k
c = eln c |Q˜k| 6 eln c 3
d|Qk|
Note that
∑
b∈Q˜k γ1m
2
A|A(b)|2 + γ1O(ρ2) > mminγ1||Φ||2Q˜k . Also note that |Q˜k| is getting
cancelled by |Qk| since we can assume that 3d(O([rλ]d)− 12) + 3dln c < pλ8 . Thus,
(4.24)
∣∣∣∣∣∣
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∣∣∣∣∣∣ 6 e3
d(O([rλ]d)− 12+ln c) |Qk| e−pλ |Qk| e
−(mminγ1−p−1λ +c)||Φ||2Q˜k
6 ce−
7
8
pλ|Qk|e
−(mminγ1−p−1λ +c)||Φ||2Q˜k
6 ce20 e
− 3
8
pλ|Qk|e
−(mminγ1−p−1λ +c)||Φ||2Q˜k .
Lemma 4.3 In region {Pl}, the following relation holds
(4.25) e
−V (Pl,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 ) 6 ec (c0 e
1−2ǫ
0 )
1
2 |Pl|.
Proof Note that ∀ ∈ P∃ at least one ξ ∈ , with p0,λ < |Φ(ξ)| and ∀ξ ∈ , |Φ(ξ)| <
pλ, thus we do not need a stability condition of Q˜. Now from 3.48, |V (Pl, C
1
2
,loc
Λ1
Φ′ −
CΛ1TΛ1Λc1ΦΛc1)| 6 c (c0 e1−2ǫ0 )
1
2 |Pl| and the result follows using |e−V | 6 e|V |.
Proposition 4.2 Let P = {Pl} be a collection of polymers and the function ρ′(Pl, J) be
as defined in Eq 4.8. Then
(4.26)
∣∣ρ′(Pl, J)∣∣ 6 ce20 e− 38p0,λ|Pl|e−( 12−p−10,λ)||Φ′||2Pl .
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Proof From lemma 4.3,
(4.27) e
− 1
2
||Φ′||2Pl−V (Pl,C
1
2 ,loc
Λ1
Φ′−CΛ1TΛ1Λc1ΦΛc1 ) 6 ec (c0 e
1−2ǫ
0 )
1
2 |Pl|e−
1
2
||Φ′||2Pl .
Note that Φ(ξ) > p0,λ,∀ξ ∈  and so
(4.28) ζˆ() 6 e−p0,λ+p
−1
0,λ||Φ′||2 .
Therefore,
(4.29) ζˆ(Pl) =
∏
∈Pl
ζˆ() 6 e
−p0,λ|Pl|+p−10,λ||Φ′||2Pl .
From lemma 2.7, W2() 6 O([rλ]d). We can assume by making p0,λ big enough that,
[rλ]
d + c (c0 e
1−2ǫ
0 )
1
2 <
p0,λ
8 . Note that
∣∣Z0(Pl)−1∣∣ = π−|Pl|2 6 e− 12 |Pl| and χPl(C 12 ,locΛ1 Φ′ −
CΛ1TΛ1Λc1ΦΛc1) 6 1. Thus,
(4.30)
∣∣ρ′(Pl, J)∣∣ 6 ce(O([rλ]d)− 12+c (c0 e1−2ǫ0 ) 12 ) |Pl| e−p0,λ |Pl| e− 12 ||Φ′||2Pl+p−10,λ||Φ′||2Pl
6 ce−
7
8
p0,λ |Pl| e−(
1
2
−p−10,λ)||Φ′||2Pl
6 ce20 e
− 3
8
p0,λ |Pl| e−(
1
2
−p−10,λ)||Φ′||2Pl .
where, we have used e−
p0,λ
2 = O(e20).
5. Convergence
Lattice Λ is composed of disjoint polymers {Yj} of Ω1, {Pl} of Λ1 − Ω1, {Xi} and {Q˜k}
of Λc1. These connected components from various regions overlap near the boundaries of
those regions. We combine these overlapping parts into connected components in two
steps.
(1) In small field region Λ1, define connected components {Zm}, such that any Z ∈
{Zm},
(5.1) Z = ∪j{Yj} ∪l {Pl}
where, Yj and Pl overlap and rewrite
(5.2)
∑
{Yj}
∑
{Pl}
∏
l
∫
DΦ′Pl ρ′(Pl, J)
∏
j
K(Yj , J)
=
∑
{Zm}
∑
∪j{Yj}∪l{Pl}→Zm
∏
l
∫
DΦ′Pl ρ′(Pl, J)
∏
j
K(Yj , J)
=
∑
{Zm}
∏
m
K ′(Zm, J)
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where, for connected Z,
(5.3) K ′(Z, J) =
∑
∪j{Yj}∪l{Pl}→Z
∏
l
∫
DΦ′Pl ρ′(Pl, J)
∏
j
K(Yj , J).
Rewrite the generating functional
(5.4)
Z[J] =
(2π
e0
)−|Λ|+1
(det C
1
2 ) Z0(Λ)
∑
v:dv=0
∑
{Q˜k}
∑
{Xi}
∑
{Zm}∏
k
∫
DΦQ˜kρ(Q˜k, J)
∏
i
f(Xi, J)
∏
m
K ′(Zm, J).
(2) In entire lattice Λ, define connected components {Cl}, such that any C ∈ {Cl},
(5.5) C = ∪i{Xi} ∪k {Q˜k} ∪m {Zm}
where, Xi, Q˜k and Zm overlap and rewrite
(5.6)∑
{Xi}
∑
{Q˜k}
∑
{Zm}
∏
k
∫
DΦQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∏
i
f(Xi, J)
∏
m
K ′(Zm, J)
=
∑
{Cl}
∑
∪i{Xi}∪k{Q˜k}∪m{Zm}→{Cl}
∏
k
∫
DΦQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∏
i
f(Xi, J)
∏
m
K ′(Zm, J)
=
∑
{Cl}
∏
l
K#(Cl, J),
where, for any connected C,
(5.7)
K#(C, J) =
∑
∪i{Xi}∪k{Q˜k}∪m{Zm}→C
∏
k
∫
DΦQk
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∏
i
f(Xi, J)
∏
m
K ′(Zm, J).
Rewrite the generating functional
(5.8) Z[J] =
(2π
e0
)−|Λ|+1
(det C
1
2 ) Z0(Λ)
∑
{Cl}
∏
l
K#(Cl, J).
To take the logarithm of the generating functional, first using standard procedure, see for
example [8], write
(5.9)
∑
{Cl}
∏
l
K#(Cl, J) = e
∑
C E(C,J)
where,
(5.10) E(C, J) =
∞∑
n=1
∑
{C1,··· ,Cn}:∪lCl=C
ρT (C1, · · · ,Cn)
∏
l
K#(Cl, J)
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and ρT (C1, · · · ,Cn) = 0 if Cl can be divided into disjoint sets and from [8]
(5.11) |E(C, J)| 6 O(1)
∣∣∣K#(C, J)∣∣∣ .
Rewrite the generating functional
(5.12) Z[J] =
(2π
e0
)−|Λ|+1
(det C
1
2 ) Z0(Λ) e
∑
C E(C,J)
and take the logarithm
(5.13) logZ[J] =
∑
C
E(C, J) + log
[(2π
e0
)−|Λ|+1
(det C
1
2 )Z0(Λ)
]
.
Lemma 5.1 There exists constant κ1 > 0 such that |K ′(Z)| 6 (c0e5−2ǫ0 )
1
2 e−κ1|Z|.
Proof From the definition,
(5.14)∣∣K ′(Z, J)∣∣ 6 ∑
∪j{Yj}∪l{Pl}=Z
∏
l
∣∣∣∣
∫
DΦ′Pl ρ′(Pl, J)
∣∣∣∣ ∏
j
|K(Yj , J)|
6
∑
∪j{Yj}∪l{Pl}=Z
∏
j
(c0e
1−2ǫ
0 )
1
2 e−κ
′|Yj |
∏
l
ce20 e
− 3
8
p0,λ |Pl|
∫
DΦ′Pl e
−( 1
2
−p−10,λ)||Φ′||2Pl
6 e−
κ′
2
|Z| ∑
∪j{Yj}∪l{Pl}⊂Z
∏
j
(c0e
1−2ǫ
0 )
1
2 e−
κ′
2
|Yj |
∏
l
ce20 e
− 3
16
p0,λ |Pl|
∫
DΦ′Pl e
−( 1
2
−p−10,λ)||Φ′||2Pl
6 e−
κ′
2
|Z|
( π
1− p−10,λ
) |Z|
2
[ ∑
∪j{Yj}⊂Z
∏
j
(c0e
1−2ǫ
0 )
1
2 e−
κ′
2
|Yj |
][ ∑
∪l{Pl}⊂Z
∏
l
ce20 e
− 3
16
p0,λ |Pl|
]
.
Rewrite {Yj} and {Pl} as ordered collection {Y1, · · · , Yn} and {P1, · · · ,Pm},
(5.15)
∣∣K ′(Z, J)∣∣ 6 (c0e5−2ǫ0 ) 12 e−(κ′2 −1)|Z|[
∞∑
n=1
1
n!
∑
{Y1,··· ,Yn}⊂Z
n∏
j=1
(c0e
1−2ǫ
0 )
1
4 e−
κ′
2
|Yj |
]
[ ∞∑
m=1
1
m!
∑
{P1,··· ,Pm}⊂Z
m∏
l=1
ce0 e
− 3
16
p0,λ |Pl|
]
following Eq 3.60, the first bracketed term is bounded by ec(c0e
1−2ǫ
0 )
1
4 |Z| and the second
bracketed term is bounded by ec e0|Z|. Then for some κ1 < κ
′
2 − 1,
(5.16)
∣∣K ′(Z, J)∣∣ 6 (c0e5−2ǫ0 ) 12 e−κ1|Z|.
Lemma 5.2 There exist constants β > 0 and κ′2 > 0 such that |K#(C, J)| 6 ceβ0 e−κ
′
2|C|.
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Proof From the definition,
(5.17)
|K#(C, J)| 6
∑
∪i{Xi}∪k{Q˜k}∪m{Zm}=C
∏
i
|f(Xi, J)|
∏
m
∣∣K ′(Zm, J)∣∣∏
k
∣∣∣∣∣∣
∫
DΦQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, J)
∣∣∣∣∣∣
6
∑
∪i{Xi}∪m{Zm}∪k{Q˜k}=C
∏
i
ce0 e
−γ′|Xi|
∏
m
(c0e
5−2ǫ
0 )
1
2 e−κ1|Zm|
∏
k
ce20 e
− 3
8
pλ|Qk|
∫
DΦQ˜k e
−(mminγ1−p−1λ +c)||Φ′||2Q˜k
6 (c0e
11−2ǫ
0 )
1
2 e−
κ1
2
|C| ∑
∪i{Xi}∪m{Zm}∪k{Q˜k}⊂C
∏
i
ce0 e
− γ′
2
|Xi|
∏
m
(c0e
5−2ǫ
0 )
1
2 e−
κ1
2
|Zm|
∏
k
ce20 e
− 3
16
pλ|Qk|
∫
DΦQ˜k e
−(mminγ1−p−1λ +c)||Φ′||2Q˜k
6 (c0e
11−2ǫ
0 )
1
2 e−
κ1
2
|C|
( π
mminγ1 − p−1λ
) |C|
2
[ ∑
∪i{Xi}⊂C
∏
i
ce0 e
− γ′
2
|Xi|
]
[ ∑
∪m{Zm}⊂C
∏
m
(c0e
5−2ǫ
0 )
1
2 e−
κ1
2
|Zm|
] [ ∑
∪k{Qk}⊂C
∏
k
ce20 e
− 3
16
pλ|Qk|
]
.
Following the steps of lemma 5.1, the first bracketed term is bounded by ec e
1
2
0 |C|, the second
bracketed term is bounded by ec(c0e
5−2ǫ
0 )
1
4 |C| and the third bracketed term is bounded by
ec e0|C| . Then for some κ2 < κ12 − 1 and β = 112 − ǫ,
(5.18) |K#(C, J)| 6 ceβ0 e−κ2|C|.
6. Mass gap
Let p1, p2 ∈ C and let d(x, y) = supµ |xµ−yµ| be a metric. Define d(p1, p2) = infx∈p1
y∈p2
d(x, y).
Let |C| : #[rλ]  in C. Then
(6.1) |C| > d(p1, p2)
[rλ]
.
6.1. proof of theorem 2. Consider two plaquettes p1 and p2. From Eq 1.19
(6.2)
〈(dA)(p1)(dA)(p2)〉−〈(dA)(p1)〉〈(dA)(p2)〉
=
∂
∂Jp1
∂
∂Jp2
logZ[J]
∣∣∣∣
J=0
=
∑
C
∂
∂Jp1
∂
∂Jp2
E(C, J)
∣∣∣∣
J=0
.
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Now E(J) =
∑
CE(C, J) is analytic in J. First note that the potential term is linear in
J due to which the functions ρ′(P, J), ρ(Q, J) and f(X, J) are analytic. Then as stated
below theorem 3.2, the function H(Z,Ψ) converges in a unit disc in complex plane of J and
therefore, the function K(Y, J) is also analytic. Then from Eq 5.3 and 5.7 each E(C, J) is
analytic in J, so when we sum it up, the absolutely convergent series is also analytic in J.
The right hand side only depends on J(p), p ∈ C, we can take the derivative term by term
but only those terms with non zero support of J in C contribute. Thus,
(6.3)
∂
∂Jp1
∂
∂Jp2
E(J)
∣∣∣∣
J=0
=
∑
C⊃{p1,p2}
∂
∂Jp1
∂
∂Jp2
E(C, J)
∣∣∣∣
J=0
.
Let αp = e
3ǫ
0 < 1 denote the bound of Jp. Define a contour Γp to be a circle of radius O(e3ǫ0 )
with center as origin in complex plane containing Jp. By Cauchy integral formula
(6.4) E(J) =
1
2πi
∮
Γp
E(J∼p, J′p)
(Jp − J′p)
dJ′p
where, p denotes a plaquette p1 or p2 and J∼p = {Jp′}p′ 6=p. By differentiating the above
(6.5)
∂
∂Jp
E(J) =
−1
2πi
∮
Γp
E(J∼p, J′p)
(Jp − J′p)2
dJ′p
and for Jp = 0, we get
(6.6)
∂
∂Jp
E(J) =
−1
2πi
∮
Γp
E(J∼p, J′p)
(J′p)2
dJ′p
Therefore for plaquette p1 and p2, we have
(6.7)
∂
∂Jp1
∂
∂Jp2
E(J) =
1
(2πi)2
∮
Γp1
dJ′p1
(J′p1)
2
∮
Γp2
dJ′p2
(J′p2)
2
E(J∼(p1p2), J
′
p1 , J
′
p2).
From Eq 6.2, 6.3 and 6.7,
(6.8)
〈(dA)(p1)(dA)(p2)〉 − 〈(dA)(p1)〉〈(dA)(p2)〉
=
∑
C⊃{p1,p2}
1
(2πi)2
∮
Γp1
dJ′p1
(J′p1)
2
∮
Γp2
dJ′p2
(J′p2)
2
E(C, J)
6
∑
C⊃{p1,p2}
1
|αp1 |
1
|αp2 |
|E(C, J)|
6
1
|αp1 |
1
|αp2 |
e
− κ2
2[rλ]
d(p1,p2)
∑
C⊃{p1,p2}
ceβ0 e
−κ2
2
|C|
6 c eβ−6ǫ0 e
− κ2
2[rλ]
d(p1,p2)
where, we have used Eq 5.11 and lemma 5.2. The second last step follows from Eq 6.1 and
the last step follows from lemma 25 in [8].
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6.2. n point truncated correlation. Let P = {p1, p2, · · · , pn} be a set of plaquettes.
Each plaquette pi ∈ P carries a current Jpi . Denote (dA)(pi) ≡ dApi .
Theorem 6.1 Define the n - point truncated correlation function as
(6.9)
∂n
∂Jp1∂Jp2 · · · ∂Jpn
logZ[J]
∣∣∣∣
Jpi=0
= 〈dAp1 , dAp2 , · · · , dApn〉T
= 〈dAp1 , dAp2 , · · · , dApn〉 −∑
partitions
Piof1,··· ,n
(π1,π2,··· ,πk)
〈 ∏
Pi∈πi
dApi
〉
· · ·
〈 ∏
Pi∈πk
dApi
〉
Then
(6.10) 〈dAp1 , dAp2 , · · · , dApn〉T 6 c eβ−3nǫ0 e
− κ2
2[rλ]
t(p1,p2,··· ,pn)
where t(p1, p2, · · · , pn) is the length of the shortest tree connecting all the plaquettes.
Proof
(6.11)
∂n
∂Jp1∂Jp2 · · · ∂Jpn
logZ[J]
∣∣∣∣
Jpi=0
=
∑
C
∂n
∂Jp1∂Jp2 · · · ∂Jpn
E(C, J)
∣∣∣∣∣
Jpi=0
.
Set the bound of Jpi to be αpi = e
3ǫ
0 < 1. Define a contour Γpi to be a circle of radius e
3ǫ
0
with center as origin in complex plane containing Jpi . Following Eq 6.3 and 6.7
(6.12)
〈dAp1 , dAp2 , · · · , dApn〉T =
∑
C⊃{p1,··· ,pn}
1
(2πi)n
∮
Γp1
dJ′p1
(J′p1)
2
· · ·
∮
Γpn
dJ′pn
(J′pn)
2
E(C, J)
6
∑
C⊃{p1,··· ,pn}
1
|αp1 |
· · · 1|αpn |
|E(C, J)|
6
1
|αp1 |
· · · 1|αpn |
e
− κ2
2[rλ]
t(p1,··· ,pn) ∑
C⊃{p1,··· ,pn}
eβ0 e
−κ2
2
|C|
6 c eβ−3nǫ0 e
− κ2
2[rλ]
t(p1,··· ,pn).
where, we have used |C| > t(p1,··· ,pn)[rλ] .
Remark 6. Let γ1 and γ2 be two closed curves composed of lattice bonds and Wγi(A) be a
Wilson loop. Let ti be a source function defined on bonds forming γi. Then theorem 2 is
also true for the observable e
∑2
i=1 tiWγi(A).
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